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Preface

This book is intended to serve as a first introduction to topological field the-
ories. As the term topological field theory, and even more so the synonymously
used topological quantum field theory might suggest, the subject has its historical
roots within the realm of physics. But the original physical ideas were picked up
by mathematicians and gave rise to a mathematically precise notion of a topologi-
cal field theory. Research concerned with topological field theories now lies at the
crossroads of algebra, representation theory, topology and mathematical physics.

A basic input in any topological field theory is a class of manifolds having some
fixed dimension d. In this book our focus is on low-dimensional cases, in partic-
ular on three-dimensional theories. Understanding this case is an indispensable
prerequisite as well as an excellent starting point for understanding more recent de-
velopments which involve theories in four and higher dimensions. Further, in order
to make pertinent aspects of topological field theories fully concrete, we discuss in
detail a class of topological field theories that are built from finite groups. These
so-called Dijkgraaf-Witten theories allow for explicit computations entirely based
on algebraic tools. Accordingly, no analytic constructions appear in this text.

The proper language handling the algebraic tools is supplied by the theory
of tensor categories. Our introduction does not assume that the reader is familiar
with this language. Rather, in the first two chapters of the book we provide, among
other things, all relevant category-theoretic background.

This book aims at being accessible to readers from various different back-
grounds, and also at different levels of education. It provides them with the fun-
damentals of topological field theories and gives a quick access to the literature
on more challenging issues and recent developments. Specifically, we hope that an
advanced undergraduate student in mathematics, or in physics with a solid mathe-
matical background, will be able to use these notes for self-study. It would, however,
be deceptive to assume that the text is customized to the pre-existing knowledge
of every single interested reader. We try to compensate this deficit by providing
ample references to further background material and complementary literature.

As prerequisites we presume that the reader has acquired a certain degree of
mathematical maturity, for instance by having been exposed to basic mathematical
notions that are standard in the undergraduate curriculum of mathematics students
and of many physics students. This comprises in particular the notion of a group,
including the description of a group by generators and relations, the notion of a
vector space, including the concept of a freely generated vector space and of the
tensor product of vector spaces, and the one of an associative algebra A over a field,
including A-modules, A-bimodules and their tensor product. Textbooks covering
this material are e.g. [Lan] and [DuF].

5
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6 PREFACE

We also expect a basic familiarity with a few aspects of differential topology,
like the notion of a smooth manifold, and some intuition for compact oriented two-
dimensional manifolds. As is apparent from the very term topological field theory,
some prerequisites from algebraic topology are needed as well. Apart from elemen-
tary concepts in point-set topology, we also assume a first exposure to covering
theory, including in particular the notions of a fundamental group, of a universal
cover and of a G-cover, as discussed e.g. in Chapter 1.3 of [Hat].

On the other hand, no background in physics is formally required. Still, for
appreciating some of our motivating considerations (which can, however, be skipped
in a first reading), an acquaintance with basic concepts of quantum mechanics is of
avail. The book [FadY], for instance, contains much more information than needed.
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receives support from the EIPHI Graduate School (contract ANR-17-EURE-0002).

Author's preliminary version made available with permission of the publisher, the American Mathematical Society



An invitation to topological field theories

The term topological field theory has its historical roots in physics. As such, it
originally involved a certain amount of heuristics motivated by general ideas from
the realm of quantum field theory. Pertinent heuristic ideas originate from the
study of d-dimensional quantum field theories on d-manifolds of the form Σ× I,
with Σ a (d−1)-dimensional manifold and I an interval corresponding to a “time
direction”. Adopting the paradigm of quantum mechanics, one wants to assign to
Σ a vector space VΣ of states, and to Σ× I an endomorphism of VΣ that describes
a time evolution. Requiring the theory to be topological amounts to demanding
that this time evolution does in fact not depend on the choice of interval I; it may
then be taken to be the identity linear map.

While this description is overly simplistic, it still captures the idea that topolog-
ical quantum field theories embody ground states of quantum systems. Moreover,
inspired by the topological notion of a cobordism, it is a fruitful idea to admit in
place of the cylinders Σ× I more general d-manifolds M with boundary ∂M that
are endowed with an orientation preserving diffeomorphism

Σ ⊔Σ −→ ∂M ,

where the overline denotes orientation reversal. We then think of the manifold M
as interpolating from Σ to Σ and write it as Σ

M
−−→Σ. This should actually be

further generalized to d-manifolds M equipped with an orientation preserving map

Σ1 ⊔Σ2 −→ ∂M .

Technically, this is a cobordism Σ1
M
−−→Σ2; to such a cobordism we assign a linear

map VM : VΣ1 −→VΣ2 . Thereby we deal with a two-layered structure that maps
d−1-dimensional manifolds to vector spaces and cobordisms between them to linear
maps. We think of this structure as a quantum system with a generalized time
evolution.

A lot of compatibility conditions should be imposed on such structures: glu-
ing of cobordisms should correspond to the composition of time evolutions, dis-
joint unions of manifolds should provide composite systems with composite evo-
lutions, such composite systems should be well-behaved under permutation of its
constituents, and so on. This large amount of data and of conditions calls for an
efficient organization. The appropriate tool for achieving this are categories (and
higher categories). Indeed, the definition of (the simplest incarnation of) a topo-
logical field theory reads, in its most compact form: a topological field theory of
dimension d is a symmetric monoidal functor from the category of d-dimensional

cobordisms to the category of vector spaces.

One goal of this book is to make the ingredients of this definition accessible. To
this end we will elaborate, in Chapters 1 and 2, the category theoretic background

7
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8 AN INVITATION TO TOPOLOGICAL FIELD THEORIES

in considerable depth. However, the basic idea behind the notion of a category can
easily be explained without diving into technical details. In a nutshell, a category

embodies a two-layered structure such as the one described above. Similar two-
layered structures, and thus categories, arise in various contexts within mathematics
and physics. Besides d−1-dimensional manifolds and d-dimensional cobordisms,
other prototypical examples include: sets and maps between sets; vector spaces and
linear maps; and manifolds and diffeomorphisms. Maps between such structures
comprise two layers as well; they are captured by the notion of a functor between
categories.

Already from this preliminary exposition it is clear that topological field theory
involves both geometric and algebraic structures. Other mathematical disciplines
are in fact relevant as well. Indeed, research concerned with topological field theories
lies at the crossroads of algebra, representation theory, topology and mathematical
physics. Such research has been pursued intensively over the last three decades. It
has steadily stimulated novel developments in these disciplines and created further
links between them.

We have tried to account for the diverse motivations to study topological field
theories and thereby make this book a useful resource for a broad readership. Let
us briefly indicate some possible specific motivations for investigating topological
field theories.

Motivation: Manifolds

Together with manifolds, one naturally also considers maps between them which
preserve the manifold structure as well as further structures that the manifolds
might be endowed with, such as an orientation. A different possibility for relating
manifolds Σ and Σ′ of the same dimension d−1 is the one already considered above,
namely to specify a cobordism between them, that is, roughly, a d-dimensional
manifold whose boundary consists of Σ and Σ′. Manifolds of a given dimension and
cobordisms between them furnish the two layers of the category of d-dimensional

cobordisms, which features as the domain of a topological field theory.
Accordingly, for the geometrically inclined mathematician topological field the-

ories are of interest because they enable them to study manifolds in terms of linear
objects such as vector spaces or, in other words, furnish a linear representation

of the non-linear structure of a manifold. This point of view is reinforced by the
widespread experience that non-linear algebraic structures, like finite groups or Lie
groups, are efficiently studied through their linear representations, i.e. via vector
spaces on which the structure acts.

Motivation: Manifold invariants

A topological field theory assigns in particular a number to every manifold of a given
dimension d (and belonging to some specified class, say, closed oriented manifolds).
Now whenever one encounters a numerical invariant of manifolds, it is a valid
question to ask whether the invariant is naturally a part of a topological field
theory. Such a topological field theory can then, for instance, explain in what sense
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AN INVITATION TO TOPOLOGICAL FIELD THEORIES 9

the manifold invariant is local, i.e. can be computed entirely by considering smaller
constituents into which the d-dimensional manifold can be cut up.

In the first step of such a process of chopping, d-dimensional manifolds with
boundary arise. Accordingly a topological field theory assigns an algebraic quantity
also to the d−1-dimensional boundary; in the simplest setting, this quantity is a
vector space. As we will see, the definition of a topological field theory directly
implies that the vector space assigned to a surface Σ comes with a representation
of the group of isotopy classes of orientation preserving self-diffeomorphisms of
Σ, i.e. of the mapping class group (see Remark 2.104). These groups are highly
interesting objects at the interface of algebra and geometry.

In a further step, the manifolds with boundary that arise by cutting up d-ma-
nifolds can be chopped into even smaller pieces, leading to manifolds with corners.
To express the corresponding additional amount of locality, a next entry in the
hierarchy of objects that starts with numbers and vector spaces is needed, and
indeed at this point linear categories naturally enter the game. In this way a topo-
logical field theory provides in fact an additional third layer of structure.

Motivation: Higher algebraic structures

The flavor of the algebraic structures that a topological field theory assigns to geo-
metric objects is strongly correlated with the dimension of the topological field
theory. Specifically, one finds that one-dimensional topological field theories are
closely related to finite-dimensional linear algebra, while the “higher” algebraic
structures provided by algebras and their modules appear in two-dimensional topo-
logical field theories. In three-dimensional topological field theories one encounters
an even higher structure: tensor categories.

Important classes of tensor categories arise, in turn, as representation categories
of suitable algebraic structures, like vertex algebras (which e.g. encode chiral sym-
metries of two-dimensional conformal field theories), Hopf algebras and quantum
groups. The study of such structures is an active field of research in representation
theory, with an impressive track record. Topological field theories provide expedi-
ent tools for organizing and visualizing salient features of these structures by means
of topology. Furthermore, algebras, bi- and Hopf algebras as well as Frobenius al-
gebras can not only be defined as structures on vector spaces, but also on objects of
more general tensor categories. In short, for the algebraist, topological field theory
furnishes a well motivated organization principle and guide to higher structures in
algebra.

Motivation: Quantum systems

Let us also be more specific about the provenance of topological field theories in
physics. One of the roots are models for three-dimensional quantum gravity that
make use of discretizations of three-manifolds. These models are the origin of state-
sum constructions of topological field theories.

Another source is the field-theoretic description of quantum Hall systems. This
involves the issue of cancellation of anomalies, which necessitates the introduction
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10 AN INVITATION TO TOPOLOGICAL FIELD THEORIES

of topological terms in the action functional that describes the three-dimensional
bulk system. A prominent example for an action of this type is the Chern-Simons
action. A heuristic analysis of the corresponding quantum field theory has been
the basis for another construction of topological field theories which makes use of
the surgery of manifolds.

The evaluation of an extended three-dimensional topological field theory on a
circle yields the structure of a modular fusion category, also known as semisimple
modular tensor category. Modular fusion categories arise in many different situa-
tions. For instance, they can be used for characterizing topologically ordered phases
of matter. In this application, they capture in particular information on types of
quasi-particle excitations, such as their braid group statistics. Specifically, in this
context a simple object in a modular fusion category describes a type of anyon.

Why categories?

The considerations above highlight that category theory plays a crucial role in the
investigation of topological field theories. But do they even call for formulating the
very definition of a topological field theory entirely in category-theoretic terms?
Admittedly, there exist approaches to topological field theories that avoid such a
formulation, e.g. descriptions in terms of action functionals and path integrals. But,
apart from possible issues concerning mathematical rigor, even such approaches
tend to give rise to quantities that are naturally organized in categorical terms.
For example, even when formulated heuristically with an action and a path inte-
gral, a Chern-Simons theory gives rise to a category of Wilson lines. Indeed, in any
setting that covers arbitrary types of topological field theories, category-theoretic
concepts play a critical role. This is the framework adopted in the present book.
Indeed we think that our exposition demonstrates abundantly that the use of cat-
egories is indispensable for a thorough understanding of topological field theories.
Conversely, topological field theories provide, in our opinion, a particularly well-
motivated access to category theory.

Actually, categories, in the form of two-layered structures, are not the end of
the story. We have already seen that the process of chopping manifolds into pieces,
which results in locality properties, can be iterated. This leads to additional layers
of structure. The same happens in many other contexts. For instance, when con-
sidering the two-layered structure provided by algebras and bimodules over them, a
natural third layer is provided by maps between bimodules. The proper framework
for dealing with such situations is the one of higher categories, and specifically in
the case of three layers, of bicategories. There are then analogous additional layers
for functors between higher categories and hence, as a specific instance, for topolog-
ical field theories. These higher variants are often called extended topological field

theories. We will study such extended theories in Chapter 5, where we also provide
a brief introduction to bicategories.

From a more general perspective, it is worth pointing out the following aspects
of categories and topological field theories that are of relevance for mathemati-
cians and physicists alike: On the one hand, categories provide a powerful unifying
language for addressing mathematical structures; on the other hand, the study of
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AN INVITATION TO TOPOLOGICAL FIELD THEORIES 11

topological field theories serves as a driving force in the development of higher cat-
egorical concepts. The efficiency of category-theoretic language is reflected by the
ever increasing use of categories, as well as of higher categories, in mathematical
physics.

Dijkgraaf-Witten theories

For making various aspects of topological field theories as concrete as possible, we
concentrate our attention on a particular class of topological field theories that are
formulated in geometric terms, the so-called Dijkgraaf-Witten theories. Dijkgraaf-
Witten theories can be constructed with the help of basic concepts from topology
and linear algebra. As a consequence, as we try to exhibit in this book, they allow
for explicit computations. For instance, the category that an extended three-dimen-
sional Dijkgraaf-Witten theory assigns to a circle can be determined, and a balanced
braided structure for this category can be directly read off from the geometry, see
Section 5.5.

At the same time, Dijkgraaf-Witten theories illustrate fundamental principles
of the physics concept of gauge theories. The term “gauge theory” indicates the
presence of a gauge symmetry. Such a symmetry is really an overparametrization
of the configurations of the physical system. In particular, all observables take the
same value on gauge equivalent configurations. (This notion of a gauge theory com-
prises the one of gauge theories formulated in terms of a Lagrangian, as appearing
e.g. in particle physics, but is considerably more general.)

The gauge symmetries in a Dijkgraaf-Witten theory form a finite group. This
allows us to study them entirely within the realm of algebra. Accordingly, no
analytic constructions will appear in the text. Another crucial feature of these
quantum field theories is that the field configurations are not to be considered as
elements of a set, but rather, in order to preserve locality properties, as objects in
a category (in fact, a groupoid). Indeed it will become clear in our discussion of
Dijkgraaf-Witten theories that category theory supplies the appropriate tools for
dealing with the overparametrization that is present in gauge theories.

Outline

We end this invitational chapter with a brief survey of the contents of the book.
As already mentioned, most of the background from category theory is treated in
Chapters 1 and 2. We proceed in a step-by-step fashion: basic notions as well
as examples of categories are provided in Sections 1.1 and 1.2 and functors are
discussed in Section 1.3, while Sections 1.5 and 1.6 are devoted to the more advanced
topics of limits and colimits and of adjointness of functors, respectively. Chapter 2
deals with additional structures and properties that categories may possess and that
are present both for the category of cobordisms and for the category of vector spaces:
monoidal structures in Sections 2.2 and 2.4, rigid dualities in Section 2.5, and
braidings in Section 2.7. In addition, pertinent aspects of bicategories, as needed
for the discussion of extended topological field theories, are covered in Section 5.1.

Author's preliminary version made available with permission of the publisher, the American Mathematical Society



12 AN INVITATION TO TOPOLOGICAL FIELD THEORIES

When working with categorical structures, a comfortable tool is a graphical
calculus in terms of so-called string diagrams. We explain this calculus, again step
by step, in specific parts earmarked as Graphical Description; they are numbered
as 1.16, 2.17, 2.60, and 2.94, as well as 5.9 for the case of bicategories.

Apart from the category-theoretic input, Chapters 1 and 2 also introduce no-
tions and constructions from geometry and algebra which are needed in our exposi-
tion of topological field theories. On the geometry side, this includes e.g. in Section
1.2 the concepts of fundamental groupoid, principal bundle, and cobordism, and
in Section 2.1 the one of a classifying space, as well as the description of the rigid
duality for cobordisms in Section 2.5. On the algebra side, most of the Sections 2.3
and 2.6 is devoted to aspects of bialgebras and of Hopf algebras, respectively, and
we also exhibit constructions like the tensor product of bimodules (Section 1.5) and
the extension of scalars (Section 1.6). The algebraic input is again amply backed
up with string diagrams, see the Graphical Descriptions 2.22, 2.30, 2.82 and 2.85.

Yet another topic treated in Chapter 2 is a motivation of the functorial defini-
tion of topological field theories from physical principles (Section 2.1). This com-
prises in particular two parts which summarize some basic principles of quantum
field theories, including the notion of field configurations and of gauge invariance of
the action functional (Principles of field theory 2.1), and of boundary values, state
space and transition amplitudes (Principles of field theory 2.4).

In our discussion of topological field theories we focus on low-dimensional the-
ories. Understanding these cases, and in particular the one of dimension three, is
still an indispensable prerequisite and an excellent starting point for dealing with
more recent developments. Chapter 3 starts this subject by considering theories in
dimension one and two. It addresses e.g. the issue of classification, in the sense of
understanding a list of items of interest by mapping it to a different list of items
of an already more familiar type. The classification of topological field theories
of a given dimension is intimately related to the structure of all manifolds of that
dimension. As a first embodiment of this connection, we exhibit in Section 3.1 that
one-dimensional topological field theories are classified by finite-dimensional vector
spaces (see Theorem 3.1). In the other sections of Chapter 3 we use the structure of
compact oriented two-manifolds to present the classification of two-dimensional ori-
ented topological field theories by commutative Frobenius algebras (Theorem 3.14).
Pertinent information about the latter type of algebras is provided in Section 3.3.

In Chapter 4 we concentrate our attention on Dijkgraaf-Witten topological field
theories. The definition of these theories as a specific functor from cobordisms to
vector spaces is given in Section 4.2 (Definition 4.37). To show that they indeed
constitute topological field theories requires some effort; it is finally achieved in
Section 4.4 (Theorem 4.66). In Chapter 5 we proceed to the realm of extended
topological field theories. This includes in particular, in Sections 5.2 and 5.3, an
exposition of three-dimensional Dijkgraaf-Witten theories, which are constructed in
a two-step process (see Definition 5.25). This chapter culminates in the classification
of 3-2-1-extended three-dimensional topological field theories in terms of modular
fusion categories (Theorem 5.58). The notion of modular category which crucially
enters this classification is provided in Definitions 5.47 and 5.51.

The final Chapter 6 has a different flavor. It provides an outline of a biased
selection of topics of recent and ongoing interest. These are largely intended as ap-
petizers and as an invitation for further reading. We refrain from trying to list all

Author's preliminary version made available with permission of the publisher, the American Mathematical Society



AN INVITATION TO TOPOLOGICAL FIELD THEORIES 13

topics taken up and only mention the following issues. First, concrete constructions
of topological field theories are typically based on suitable algebraic input data. As
examples we mention, in Section 6.4, the string-net construction and state-sum
models, for which the required input is captured by a pivotal fusion category, as
well as the surgery construction, which takes a modular fusion category as input.
Second, topological field theories can be used as tools for organizing and visual-
izing features of various algebraic structures; we present a few instances of this
phenomenon in Section 6.5. And third, in Section 6.3.2 we offer an outlook on one
major insight in the field, the cobordism hypothesis, which comprises a statement
about the structure of all d-dimensional manifolds for each value of d. We hope
that by studying our introductory notes on topological field theories the reader will
be prepared and motivated to learn more about this and other advanced topics.

Literature

Let us finally include a few pointers to the literature. Just like the choice of topics of
the book, this list is biased by our taste and the limits of our knowledge. Moreover,
we do not aspire to give appropriate credit to the original literature, but instead
favor expository sources that are of avail for the intended readership.

We are confident that our exposition of the category-theoretic background in
Chapters 1 and 2 and in Chapter 5.1 covers all that is needed for the purposes of
this book. Still, our text is undoubtedly not intended to provide a stand-alone intro-
duction to category theory. Readers looking for such an introduction may consult a
textbook like [Ri2] or [AdHS], and are encouraged to read parts of [Ri2] in parallel
where indicated. A standard reference for monoidal categories and monoidal cate-
gories with additional structure such as a braiding, as well as for structures related
to module categories, is [EtGNO].

Pertinent information on topological field theories can e.g. be found in [TV1]
and for two-dimensional theories in [Koc]. The original article on the construction
of topological field theories via surgery [Wit] fits well as a complementary reading.
For further background on bi- and Hopf algebras we refer to [Kas,Kash], and for an
introduction to vertex algebras to [FreB] (see also [FSWY] for a brief summary).

More specific references to the literature are given at appropriate places in the
text.
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CHAPTER 1

Categories

As pointed out in the Preface, categories, as well as concepts generalizing cate-
gories, provide a powerful unifying language for addressing mathematical structures,
including in particular crucial ingredients of topological field theories. Accordingly,
in this first Chapter we set up the basic notions from category theory that will be
indispensable tools in our discussion of topological field theories.

One specific ingredient in our constructions will be vector spaces over a field K.
Throughout these notes, K is assumed to be algebraically closed. In applications
in physics, K is usually the field C of complex numbers.

1.1. Categories: Definition and examples

To get started, let us consider one of the arguably simplest geometric systems.

Example 1.1. A compact oriented zero-dimensional manifold Y is a finite set of
points, with each point either positively oriented (to be denoted by pt+) or nega-
tively oriented (denoted by pt−). Disjoint union provides a binary multiplication of
such sets. We also admit the empty set as an oriented zero-dimensional manifold;
it behaves as a unit under the binary multiplication.

We may relate two compact oriented zero-dimensional manifolds Y1 and Y2 by any
configuration of finitely many closed oriented circles and arrows, i.e. oriented in-
tervals, subject to the condition that the starting point of an arrow is either a
positively oriented point on the ‘incoming’ manifold Y1 or a negatively oriented
point on the ‘outgoing’ manifold Y2, while allowed end points of arrows are neg-
atively oriented points on Y1 and positively oriented points on Y2. An example
of such a configuration, which should convey the idea, is shown in the following
picture:

−

−

+

+

−

+

−

+

Two configurations can be concatenated, provided that the outgoing manifold of the
first configuration coincides with the incoming manifold of the second configuration.

15
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16 1. CATEGORIES

Here is an example of such a concatenation:

(1.2)




−

−

+

+

−

+

−

+

,

−

+

−

+

−

+

−

+


7−→

−

−

+

+

−

+

−

+

Note that we do not assign a length to an arrow or any of the circles and allow for
small local deformations. As a consequence, the concatenation of two configurations
of circles and arrows (if it exists) is again an allowed configuration. Moreover, if the
incoming and outgoing manifold are the same, Y1 = Y2, then there is a distinguished
configuration in which the arrows go from a point in Y1 to the corresponding point
in Y2, as illustrated in the following picture:

(1.3)

+

−

+

+

+

−

+

+

This way we end up with a two-layered structure, compact oriented zero-dimensional
manifolds and configurations of oriented intervals. To each configuration we can
assign an incoming and an outgoing manifold. Also, there is a partially defined
composition of configurations; this composition is associative, and the distinguished
configurations of the type just shown act as identities under composition.

Two-layered structures analogous to the one observed in Example 1.1 are in
fact very common. Abstracting from the examples one introduces the following
notion:

Definition 1.4. A category C consists of the following data:

(1) a class Obj(C), whose elements are called the objects of C;

(2) a class Hom(C), whose elements are called morphisms of C;

(3) four maps

id : Obj(C) −→ Hom(C) ,

s, t : Hom(C) −→ Obj(C) ,

◦ : Hom(C)×Obj(C) Hom(C) −→ Hom(C) .

Here Hom(C)×Obj(C) Hom(C) consists by definition of those pairs of morphisms
(g, f) in C which are composable, i.e. obey t(f)= s(g).

We write

HomC(V,W ) := {f ∈Hom(C) | s(f)=V and t(f)=W}

for V,W ∈Obj(C).

For any pair V,W of objects we require HomC(V,W ) to be a set.
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We call id(V ) the identity morphism on V ∈Obj(C), s(f) and t(f) the source (or
domain) and target (or codomain) of f ∈Hom(C), and ◦ the composition of mor-
phisms. Instead of id(V ) we will denote the identity morphism on V also by idV ; an-
other common notation is to write just V for it, i.e. to tacitly identify an object and
its identity morphism. For the composition of a pair (g, f)∈Hom(C)×Obj(C) Hom(C)
of morphisms we also employ the notation ◦(g,f)=: g ◦ f .

The four maps id, s, t and ◦ are subject to the following relations:

(1) s(idV ) = V = t(idV ) for every V ∈Obj(C) ;

(2) idt(f) ◦ f = f = f ◦ ids(f) for every f ∈Hom(C) ;

(3) the associativity identity

(h ◦ g) ◦ f = h ◦ (g ◦ f)

for every triple of morphisms f, g, h∈Hom(C) with t(f)= s(g) and t(g)= s(h).

The notion of a category can also be motivated in various other ways. We
refrain from presenting any particular of them. Instead we present a list of specific
categories which should suffice to illustrate the utility of this concept:

Examples 1.5. Here are a few common examples of categories:

(1) Any set S can be endowed with a trivial structure of a category for which
the objects are the elements of S and the only morphisms are the identity
morphisms.
Such a category is called a discrete category.

(2) Sets together with maps of sets form a category Set. The identity morphism
of any set is the identity map, and composition of morphisms is composition
of maps.

As we will see in the next examples, there are many types of categories whose
objects are sets equipped with some additional structure and whose morphisms

are structure-preserving maps. This justifies the arrow notation V
f
−→W for

morphisms; it also leads to the use of the termmap, or also arrow, as a synonym
for morphism.

(3) Given a field K, the vector spaces over K as objects, together with linear maps
between them as morphisms, form a category Vect(K).
A particular feature of this category is that its morphism sets are not merely
sets, but even K-vector spaces, and that composition is K-bilinear. Any cat-
egory sharing these specific features is said to be enriched over the category
Vect(K) or, equivalently, to be K-linear (or also just linear , when the field K

in question is obvious). K is then also called the ground field of the category.
For an actual definition of the general notion of enriched category we refer to
Chapter 3 of [Ri1].

(4) More generally, given a ring R, the (left or right) modules over R together with
R-module morphisms (also called R-module maps) form a category R-mod.
Note that in the case that R=Z is the ring of integers, an R-module is the
same as an abelian group.

(5) As a generalization of Vect(K), for any group G there is the category VectG(K)
of G-graded K-vector spaces.
The objects of VectG(K) are K-vector spaces that have a direct sum decompo-
sition V =

⊕
g∈GVg; the elements of the subspace Vg are called homogeneous
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elements of degree g. The morphisms are K-linear maps that preserve the
grading.

(6) Consider a category with a single object, which we denote by the symbol ‘∗’.
This category is completely described by the monoid End(∗).

If we pass to the enriched setting, then one-object categories also allow us to
describe algebras, i.e. monoids in vector spaces: We can consider for any asso-
ciative unitalK-algebraA the category ∗//Awith a single object and morphisms
End(∗) given by the algebra A. This category is enriched over the category of
K-vector spaces.

(7) The category Top has as objects topological spaces and as morphisms continu-
ous maps of topological spaces.

(8) The categoryMan has as objects smooth finite-dimensional manifolds and as
morphisms smooth maps of manifolds.
Throughout this book all manifolds will tacitly be assumed to be smooth and
finite-dimensional.

The morphisms of a category need not be maps of any sort. We have in fact
already encountered a category for which this is the case, namely in the situation
considered in Example 1.1:

Example 1.6. The cobordism category Cob1,0 is the following category: An object
in Cob1,0 is a compact oriented zero-dimensional manifold, i.e. a disjoint union of
finitely many oriented points

pt+ =(•,+) and pt− =(•,−) .

A morphism in Cob1,0 is an oriented one-dimensional manifold, i.e. a disjoint union
of intervals and circles, up to diffeomorphism. Composition is concatenation of rep-
resentative one-manifolds and identity morphisms are (classes of) disjoint unions of
intervals, as illustrated in the pictures (1.2) and (1.3), respectively. The category
Cob1,0 comes with additional structure. We are not yet in a position to formulate
that structure, though, since this will require quite a few more mathematical no-
tions. Once we have supplied these ingredients, we will provide, in Definition 1.36,
a precise description of Cob1,0, as well as of its higher-dimensional analogues.

Definition 1.7.

(1) A subcategory S of a category C is a subcollection of the objects and morphisms
of C such that for any morphism f : X −→Y in S the objects X,Y ∈C are in
S, the composite of morphisms in S is again in S, and S contains the identity
morphism in C of any object in S.

(2) A full subcategory of C is a subcategory S such that for every pair of objects
X,Y ∈S one has HomS(X,Y )=HomC(X,Y ).

Examples 1.8.

(1) The category of finite sets, with morphisms given by maps between sets, is a
full subcategory of the category of all sets.

(2) The category of abelian groups is a full subcategory of the category of groups.

(3) The category of vector spaces over a field K, with morphisms given by K-linear
maps, is a subcategory of the category of sets that is not full.
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Remark 1.9. For the reader interested in set-theoretic issues (others may wish to
skip this Remark) we outline why the definition of a category involves sets as well
as classes. Namely, for applying category theory in practice one would like to have
a notion of a ‘category of all sets’ and, for constructing interesting categories, for a
given property ϕ(x) of a set x, also a subcategory ‘{x |ϕ(x)}’ of all sets having the
property ϕ. Famously, this leads to paradoxa, such as the following, which is known
as Russell’s antinomy: Consider the putative set R := {M |M 6∈M} of all sets that
are not elements of themselves; if R existed, then one would have to conclude that
R∈R if and only if R 6∈R.

A resolution of this problem is to restrict the application of ϕ to sets that are
elements in some specific set U (where it is supposed that the notion of a set is
defined, e.g. by working with Zermelo-Fraenkel axioms). Further, such a set U

must be sufficiently nice – technically speaking, it must be a universe (for details
see [Mac, Sect. I.6]). All mathematical constructions are then carried out inside the
universe U. A set that is an element of U is called small (relative to U). It should
be appreciated that, with this definition, sets that are small in terms of cardinality
are not necessarily U-small; for example, the one-element set {U} is not U-small.
Functions between small sets relative to U can be constructed inside U. This yields
a category of U-small sets.

A category C is now called U-small if the set Obj(C) of objects is in U. The category
of U-small categories is not U-small, because this would imply U∈U, violating the
axioms of a universe. A class C (relative to a universe U) can then be defined as
an arbitrary subset C ⊆U. It follows that every U-small set is a U-class, but the
converse is not true. Using classes, we can now talk about the category of U-small
categories.

The choice of U is usually suppressed in the notation, and we will follow this habit
in this book. It is common to enlarge the axioms of set theory by requiring that
for any set X there is a universe U such that X ∈U, which in particular ensures the
existence of universes. Most of the categories appearing in this book are essentially
small , meaning that they are equivalent to a small category. The relevant notion
of equivalence of categories will be provided in Definition 1.60.

It is often convenient to formulate an equality between morphisms in the form
of a commutative diagram. A diagram built from objects and morphisms between
them is commutative if the composite morphisms formed by any two paths of
composable morphisms that start at the same source object and end at the same
target object are equal. For instance, that g ◦ f equals the composition of f and g
amounts to the statement that the diagram

• • •
f g

g ◦ f

is commutative. Here we suppress the information about the objects involved by
representing each of them by a blob. With the same notation, associativity of
composition of morphisms can be expressed as commutativity of a diagram of the
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shape

• • • •

Definition 1.10. Let C be a category.

(1) To indicate that a morphism f ∈Hom(C) is an element of the set Hom(V,W )

we use the notation V
f
−−→W or, equivalently, f : V −→W .

(2) A morphism f : V −→W is called an isomorphism if it has a two-sided inverse,
i.e. if there exists a morphism g : W −→V such that

g ◦ f = idV and f ◦ g = idW .

Two objects V and W for which an isomorphism f : V −→W exists are called
isomorphic. The class of isomorphism classes of objects of a category C is
denoted by Iso(C). The morphisms f and g are also called invertible and one
writes g= f−1. We write V ∼=W to express the property that V and W are

isomorphic, and also f : V
∼=
−→W to indicate the structure furnished by the

choice of a specific isomorphism f .

(3) An element of HomC(V, V )=: EndC(V ) is called an endomorphism of V . An
isomorphism in EndC(V ) is called an automorphism of V . The subset of auto-
morphisms in EndC(V ) is denoted by AutC(V ).

(4) A morphism f : X −→Y in C is called amonomorphism if for any two morphisms
g, h : Z −→X the equality f ◦ g= f ◦h implies that g=h.

(5) A morphism f : X −→Y in C is called an epimorphism if for any two morphisms
g, h : Y −→Z the equality g ◦ f =h ◦ f implies that g= h.

Remarks 1.11.

(1) If a morphism f is invertible, then its inverse f−1 is unique.

(2) The endomorphisms of any object V form a monoid with respect to compo-
sition. This monoid is unital, with the identity morphism idV of V as the
unit.

(3) The automorphisms of any object V form a group. The set AutC(V ) is therefore
also called the automorphism group of V .

Remark 1.12. In category theory one often encounters situations in which it would
not make sense to ask whether two given objects are equal on the nose. Instead,
one should ask whether they are isomorphic.

For instance, any finite-dimensional vector space V is isomorphic to its dual vector
space V ∗ =Hom

K
(V,K). But there is no distinguished such isomorphism, as is e.g.

seen by noticing that in order to exhibit an isomorphism one must choose bases of
V and V ∗.

As a more subtle example, consider complex finite-dimensional representations of
the Lie group SU(2). We should better not ask whether such a representation –
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say, the defining two-dimensional representation – is equal to its dual. Once we ask
instead whether it is isomorphic to its dual, we can pose refined questions about
the isomorphism. This leads e.g. to the distinction between real and quaternionic
(also called pseudo-real) representations, i.e. representations endowed with a bi-
linear form that is symmetric and antisymmetric, respectively. Concretely, every
finite-dimensional irreducible representation of SU(2) is isomorphic to its dual; the
integer-spin representations are real, while the half-integer-spin representations are
quaternionic.

Definition 1.13.

(1) Given any category C, its opposite category (sometimes also called opposed ca-
tegory) Copp implements the idea of “reversing arrows”: Copp has the same
objects as C, while its morphisms are

Homopp(U, V ) := Hom(V, U) .

Composition of morphisms in Copp is defined by

f ◦opp g := g ◦ f ,

with ◦ the composition in C.
Together with any categorical concept there comes a second one, which is ob-
tained by applying the former in the opposite setting, in which all arrows are
reversed. One often refers to two statements that are related this way as being
dual to each other.

(2) The Cartesian product C ×D of two categories C and D is the following cate-
gory: Objects in C ×D are pairs (U,U ′) with U an object in C and U ′ an object
in D. A morphism (U,U ′)−→ (V, V ′) in C ×D is a pair (f, f ′), where f : U −→V
is a morphism in C and f ′ : U ′−→V ′ is a morphism in D. Composition of mor-
phisms is given by (g, g′) ◦ (f, f ′) := (g ◦ f, g′ ◦ f ′).

(3) The disjoint union C ⊔D of two categories C and D is the category with objects
Obj(C ⊔D) :=Obj(C)⊔Obj(D) and with morphism sets

HomC⊔D(X,Y ) :=





HomC(X,Y ) for X,Y ∈C ,

HomD(X,Y ) for X,Y ∈D ,

∅ else .

The composition is inherited from the compositions of C and D.

For any group G we can study its representations on vector spaces over a field
K. In more detail, a K-linear representation (V, ρ) of G is a K-vector space V
together with an invertible linear map ρ(g)∈GL(V ) for each group element g ∈G,
in a way compatible with the group multiplication, i.e. such that ρ(g) ◦ ρ(h)= ρ(gh)
for all g, h∈G. Put differently, ρ is a group homomorphism from G to the group
GL(V ) of invertible linear maps from V to itself. An intertwiner

ϕ : (V, ρV ) −→ (W,ρW )

is a linear map ϕ : V −→W that satisfies

ρW (g) ◦ ϕ = ϕ ◦ ρV (g)

for every g∈G.

Example 1.14. Given a group G and a field K, the representations of G on vector
spaces over K, together with intertwiners, form a category. We denote it by G-Rep.
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An alternative description of G-Rep is obtained via

Definition 1.15. The group algebra K[G] of a group G is the K-vector space with
basis {βg | g∈G} and with associative multiplication given by the bilinear extension
of

βg ·βh := βgh

for g, h∈G.

A module over the group algebra K[G] is the same as a representation of G on a
K-vector space. Accordingly, the categories G-Rep can be seen as special instances
of Example 1.5(4).

Graphical Description 1.16. A convenient way to think of morphisms of a cate-
gory is in terms of a suitable graphical calculus, including the option to account for
possible further structure on the category, specifically those that will be introduced
in Chapter 2. Plenty of variants of such a calculus (as well as of conventions) are in
use in the literature. A common theme is to think of objects X as labeling wires, or
strings, and of a morphism from X to Y as a node at which an input string labeled
X is turned into an output string labeled Y . Accordingly, the resulting graphs are
often called string diagrams.

Our basic conventions for string diagrams are as follows. Strings labeled by
objects are preferably drawn as straight vertical lines, and a node representing a
morphism is depicted as a box, also called a coupon, with the input string attached
to the bottom of the coupon and the output string attached to its top. To stress
the distinction between in- and outputs, we draw coupons with a bottom that is
a bit larger than their top. Thus a morphism f in Hom(X,Y ) is depicted as the
string diagram

X

Y

f

with the domain X of f at the bottom and the codomain Y at the top. Specifically,
the diagram is to be read from bottom to top. In line with the alternative convention
to write just X in place of idX , in the particular case of the identity morphism on
an object X the coupon can be omitted:

(1.17)

X

X

:=

X

X

idX

Author's preliminary version made available with permission of the publisher, the American Mathematical Society



1.1. CATEGORIES: DEFINITION AND EXAMPLES 23

Up to this point the graphical calculus keeps track of the source and target maps
of a category and of the identity morphisms, while it does not yet account for the
composition of morphisms. The latter is implemented in the form of a move that
modifies the graph locally: adjacent coupons in a string diagram describe compos-
able morphisms, and the composition map Hom(Y, Z)×Hom(X,Y )−→Hom(X,Z)
can be used to replace a pair of adjacent coupons by a single coupon, according to

(1.18)

X

Z

f

g

Y =

X

Z

g ◦ f

A replacement of one string diagram by another that consists of a local modifica-
tion, like in the picture (1.18), should be thought of as a local move. One benefit
of the graphical string calculus is that such local moves can be used to succes-
sively simplify string diagrams. Another virtue is that the defining properties of
morphisms can be readily accounted for. Indeed, associativity of composition is
equivalent to locality of the move (1.18), whereby the morphisms h ◦ (g ◦ f) and
(h ◦ g) ◦ f are both represented by the same string diagram, so that we are allowed
to omit the brackets and write them both as h ◦ g ◦ f :

h ◦ (g ◦ f) =

g ◦ f

h

=

f

g

h

=

f

h ◦ g

= (h ◦ g) ◦ f

The significance of associativity is then that it allows one to replace in a unique
manner any sequence of adjacent coupons by a single coupon. The properties of
identity morphisms are accounted for in a similar manner, thereby also justifying
the graphical convention (1.17).

Further below – in Graphical Descriptions 2.17, 2.60, and 2.94 – we will extend
the graphical calculus so as to account for monoidal structures, braidings, and rigid
structures. Introductions to the graphical calculus, including variants different
from the one we are using here, abound in the literature. As a short selection we
mention [JS1,Kas,FeFFS,BaeS,Sel,TV1].

In Definition 1.10 we have introduced the notion of isomorphism classes of ob-
jects of a category. Besides requiring that two objects are isomorphic, there is
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also another interesting way to regard them as the members of a class, namely by
requiring instead that they just be connected by a finite sequence of morphisms,
which do not have to be invertible and which are allowed to point in either direction.
This weaker requirement is formalized as follows:

Definition 1.19. Let C be a category. A finite zig-zag between objects X and X ′

in C is a sequence

X
f0
−−−→ X1

f1
←−−− X2

f2
−−−→ X3

f4
←−−− . . .

fn
←−−− Xn

fn+1
−−−−→ X ′

of morphisms in C. We say that two objects in C can be connected if there exists a
finite zig-zag between them. This defines an equivalence relation on the objects of C.
The equivalence classes with respect to this relation are called the path components

of C. The set of path components of C is denoted by π0(C).

1.2. Groupoids and cobordisms

We are now going to present a few important examples of categories from geo-
metry and topology.

Example 1.20. Recall the cobordism category Cob1,0 introduced in Example 1.6.
To determine the set π0(Cob1,0) of path components of objects of Cob1,0 one can
proceed as follows. For an object Y in Cob1,0, denote the zero-dimensional manifold

obtained by reversing the orientation of every point in Y by Y . Define two com-
pact oriented zero-dimensional manifolds Y1 and Y2 to be equivalent if there exists
a compact oriented one-manifold X with oriented boundary ∂X =Y1 ⊔Y2. For in-
stance, with the pictorial conventions pt+≡ + and pt−≡ − used in Example 1.1,

the manifolds Y1 = − ⊔ + ⊔ + and Y2 = + are equivalent, as witnessed by the

one-manifold

−

+

+

+

The so obtained set ΩSO
0 of equivalence classes of compact oriented zero-dimensional

manifolds is, by construction, the set of path components:

π0(Cob1,0) = ΩSO
0 .

Exercise 1.21. Show that ΩSO
0 has a natural structure of a group. (Indeed, ΩSO

0

is the free abelian group on one generator; a generator is the class of the positively
oriented point pt+.)

What group does one obtain when one replaces oriented manifolds by unoriented
ones?

A specific type of category that will be particularly important to us is the
following:

Definition 1.22. A groupoid is a category in which all morphisms are isomor-
phisms.
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Exercise 1.23. Given any category C, keep all objects of C, but restrict the mor-
phisms by retaining only isomorphisms.

Show that this way one obtains a subcategory of C.

We denote this subcategory by C×. Show further that C× is a groupoid.

(C× is an example of a wide subcategory of C, i.e. of a subcategory that contains
every object of C.)

Thus in a groupoid C every morphism is invertible. It follows in particular that
for a groupoid there is no difference between the set Iso(C) of isomorphism classes
and the set π0(C) of path components.

Examples 1.24.

(1) A groupoid having a single object ∗ is completely characterized by the monoid
G :=End(∗), which is a group. We write ∗//G for such a groupoid.

(2) An important type of groupoid is the fundamental groupoid of a topological
space M , denoted by Π1(M). The objects of Π1(M) are the points of the
space M . A morphism from p∈M to q ∈M is a homotopy class of paths from
p to q, where only homotopies relative to the boundary are allowed, i.e. homo-
topies that fix the starting and the end points of a path. In this groupoid the
set End(p)=π1(M,p) is the fundamental group for the base point p∈M . (An
approach to topology through the perspective of the fundamental groupoid is
presented in [Bro].)

(3) Consider a group G and a set X , together with an action

ρ : G×X −→ X ,

(g, x) 7−→ g.x

of G on X , satisfying, by definition, (gh).x= g.(h.x) for all g, h∈G and all
x∈X .

The action groupoid X//G is the category whose objects are elements x∈X
and which has a morphism x−→ g.x for every pair (g, x)∈G×X . (Note that
we use the somewhat counterintuitive notation X//G for a left action.)

(4) We call a set that is endowed with an action of a group G a G-set. The action
ρ of G on a set X is called transitive if there is an element x∈X such that
every y∈X can be written as y= g.x for some g∈G; the action is called free

if for every x∈X the equality g.x= x implies g= e. (As is readily checked,
left multiplication endows any group G with the action of a transitive and free
G-set.)
The category G-Tor of G-torsors is the category which has free and transitiveG-
sets as objects and G-equivariant maps as morphisms. That the categoryG-Tor
is a groupoid is seen as follows: Let ϕ : X −→Y be a morphism of G-torsors.
When working with right G-actions, the equivariance property ϕ(x.g)=ϕ(x).g
for all x∈X and g ∈G implies that any point y∈Y can be written in the
form ϕ(x0).g=ϕ(x0.g) for some fixed base point x0 ∈X and some g∈G, and
thus that ϕ is surjective. To show injectivity of ϕ, let x, x′ ∈X . Then x′ =x.g
with a uniquely determined group element g ∈G. Now ϕ(x)=ϕ(x′) implies
ϕ(x)=ϕ(x).g. This, in turn, gives g= e by freeness of the action on Y , and
hence x= xe=x′.
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Exercise 1.25. Show that any group G is a G-set when endowed with the adjoint
action g.x := gxg−1.
Is this action transitive?
Is it free?

Exercise 1.26. Verify that the action groupoid X//G is indeed a groupoid.
Show further that the set of isomorphism classes of this groupoid is the set-theoretic
quotient,

π0(X//G) = X/G ,

i.e. the set of orbits of the G-action.

(Accordingly one also refers to the action groupoid X//G as a weak quotient. X//G
provides more information than the set X/G; in particular it contains the informa-
tion about the stabilizers of the G-action.)

An important class of examples of topological field theories can be constructed
with the help of ideas from gauge theory. A brief survey of the principles of gauge
theory will be given in Section 2.1. For the moment, we will be content with
reviewing the key mathematical notion that is needed for exploring the relevant
gauge theories, namely principal fiber bundles with finite structure groups G.

The finiteness condition on the group is technically quite crucial: It essentially
eliminates all problems that might arise from analytic subtleties. Specifically, we
will have to deal with constructions that involve summations, and these are guar-
anteed to make sense only if G is finite. Despite the finiteness of the group G, the
resulting theories will allow us to gain insight into some important aspects of field
theories.

Definition 1.27. LetG be a finite group andX be a smooth manifold. AG-bundle,
or G-principal bundle on X is a smooth (not necessarily connected) manifold P

together with a local diffeomorphism P
π
−→X and a smooth right action

P ×G −→ P , (p, g) 7→ p.g

such that π(p.g) = π(p) for all p∈P and g∈G , and such that the action is transi-
tive and free on the fiber π−1(x) over each point x∈X .
In more detail, the latter means:

• Transitivity:
For any two points p, p′ ∈π−1(x), there exists a g ∈G such that p′ = p.g.

• Freeness:
The equality p= p.g implies that g= e is the neutral element of G.

The group G is called the structure group of the principal bundle.

Example 1.28. For any smooth manifold (and, more generally, for any topological
space) X and any finite group G, the projection map X ×G−→X is a principal
G-bundle if we equip X ×G with the right G-action that is induced by the right
regular action of G on itself. This principal G-bundle over X is called the trivial

principal G-bundle over X .
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Example 1.29. As an example of a non-trivial principal bundle, a principal Z3-
bundle over the circle S1 is illustrated in the following picture:

π

The local diffeomorphism π in the picture is generically given by vertical projection
to the plane in which the circle S1 is located; at those places where the lines are
not horizontal, the pictorial representation is only symbolic.

Definition 1.30. For any smooth manifold X and any finite group G, the category
BunG(X) of G-bundles on X is the category whose objects are G-bundles on X
and whose morphisms

(P
π
−→X) −−→ (P ′ π

′

−→X)

are smooth maps ϕ : P −→P ′ that commute with the G-actions, i.e. satisfy

ϕ(p.g) = ϕ(p).g

for p∈P and g ∈G, and cover the identity on X , i.e. π′ ◦ϕ=π.

Expressed as a commutative diagram, the latter identity states commutativity
of the triangle

P P ′

X

ϕ

π π′ .

Exercise 1.31. Set X =S1, modeled as the unit circle in the complex plane, and
G=Z2. Equip S

1 with the right Z2-action that is given by the involution z 7→−z.
Prove that the map z 7→ z2 from S1 to itself is a principal Z2-bundle.

(As will follow easily from Proposition 1.73, the set of isomorphism classes of princi-
pal Z2-bundles over S

1 has in fact just two elements, namely the class of the trivial
bundle from Example 1.28 and the class of the bundle considered here.)

Example 1.32. The category of principal G-bundles over the topological space ∗
that consists of a single point is equivalent to the category G-Tor of G-torsors and
hence is a groupoid.

Exercise 1.33. Show that the category BunG(X) of G-bundles over any manifold
X is a groupoid.

Exercise 1.34.
For G a finite group G and X a manifold, let π : P −→X be a G-bundle over X .
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(1) Show that for any path γ : [0, 1]−→X from x to y in X and for any fixed p in
the fiber Px :=π−1(x) over x there is a unique π-lift of γ starting at p – that
is, a unique path γ̃ : [0, 1]−→P in P that descends to γ and starts at p, i.e.
satisfies π ◦ γ̃= γ and γ̃(0)= p.

Hint: First establish that a principal bundle for a finite group is a covering
of topological spaces, then use the lifting theorems for coverings. (See e.g.
Proposition 1.33 in [Hat].)

(2) Let TPγ (p) := γ̃(1) be the end point of γ̃. Since this end point depends on the

choice of p in the fiber Px, varying p leads to a map TPγ : Px−→Py between the

fibers over x and y. Show that TPγ is a morphism of G-torsors.

As we are working with a finite group, the map TPγ depends only on the homotopy
class of γ relative to the end points (i.e., keeping the end points fixed); it is called
the (parallel) transport operator of P along γ.

(3) Conclude that for a specified reference point p∈Px in the fiber over x the
parallel transport along loops in X with base point x∈X gives rise to a group
homomorphism

(1.35) holPp : π1(X, x) −→ G

from the fundamental group of (X, x) to G. This map is called the holonomy

morphism of P relative to the reference point p∈P .

Show that if p is replaced by another point p′ =h.p∈Px for some h∈G, then
the holonomy homomorphism gets conjugated by h.

Show further that for P the trivial bundle, the holonomy morphism is the
identity, holPp (s)= ids, for every loop starting at x and every choice of reference
point p∈P .

As a key ingredient for topological field theory we need the following notion,
which generalizes Example 1.6 (and thereby supplies further examples of categories
whose morphisms are not maps of any sort).

Definition 1.36. Let d be any positive integer. The category Cobd,d−1 of d-dimen-
sional oriented cobordisms (synonymously also called bordisms) is as follows:

(1) An object of Cobd,d−1 is a closed oriented smooth manifold of dimension d−1.

(2) Given a pair of objects M,N ∈Cobd,d−1, a morphism M −→N is an equiva-
lence class, with respect to the equivalence relation specified in (1.37) below,
of cobordisms from M to N .

Or, spelled out in more detail:

• LetM andN be closed oriented (d−1)-dimensional smooth manifolds. A d-di-
mensional cobordism from M to N is an oriented, d-dimensional smooth mani-
fold B with boundary, together with an orientation preserving diffeomorphism

φB : M ⊔N
≃
−−→ ∂B .

Here M is the same manifold as M but with opposite orientation.

• Two cobordisms B and B′ fromM to N are defined to be equivalent, and thus
to represent the same morphism in Cobd,d−1, if there is an orientation-preserving
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diffeomorphism φ : B−→B′ such that the diagram

(1.37)

B B′

M ⊔N

φ

φB φ′
B

commutes.
Here the mapsM⊔N −→B andM⊔N −→B′ are given by the composition of the
diffeomorphisms φB : M⊔N −→ ∂B and φ′B : M⊔N −→ ∂B′ (which are the data of
the cobordism) with the embeddings ∂B →֒B and ∂B′ →֒B′, respectively. By
abuse of notation, we use the same symbols for these maps as for the underlying
maps without the embeddings.

(3) The identity morphism for an objectM ∈Cobd,d−1 is represented by the product
cobordism B=M × [0, 1] .

(Together with orientation-preserving diffeomorphisms fromM toM ×{0} and
from M to M ×{1} this is called the cylinder over M .)

(4) Composition of morphisms in Cobd,d−1 is given by gluing cobordisms: Given
three objects M,M ′,M ′′ ∈Cobd,d−1 and two cobordisms B : M −→M ′ and B′ :
M ′−→M ′′, the composition is defined to be the morphism that is represented
by the manifold B ⊔M ′ B′.

(To get a smooth structure on this manifold, the gluing must actually be per-
formed along a cylinder over M ′, often called a collar. Different choices of
collars lead to different glued cobordisms. However, these are all diffeomor-
phic. We refer to Section 1.3 of [Koc] for the technical details.)

Example 1.38. As described in Example 1.6, an object of Cob1,0 is a finite union of
oriented points, and a morphism of Cob1,0 is an oriented one-dimensional manifold,
possibly with boundary.

Example 1.39. The objects of Cob2,1 are finite disjoint unions of oriented circles.
There are six elementary morphisms from which every cobordism can be constructed
by composition and disjoint union: the cylinder, the cap, the trinion or pair of pants
and their inverses, and a pair of exchanging cylinders. For a presentation of the
two-dimensional cobordism category in terms of generators and relations we refer
to Section 3.2 (in particular to the pictures shown there and to Remark 3.6) and
to [Koc].

Remark 1.40. There are also various different variants of the cobordism category,
which are of interest in other contexts. For instance, one may drop the requirement
that the manifolds come equipped with an orientation and work with a framing

instead. A framing of a d-dimensional manifoldM is a d-tuple of nowhere vanishing
and pointwise linearly independent tangent vector fields on M ; the presence of a
such a structure is equivalent to the existence of a trivialization of the tangent
bundle of M .
One may also equip the geometrical category of cobordisms with further kinds
of decorations, such as spin structures (see e.g. [MooS1, Ex. 1]) or principal fiber
bundles. Another possibility is to take the objects to be manifolds with boundary,
and the morphisms to be manifolds with corners; this will be discussed in Section
5.2.
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1.3. Functors and natural transformations

Analogously as in set theory, in which one not only considers individual sets,
but also maps between them, it is of much interest to not just study individual
categories, but also maps between categories. Since a category has two layers of
data (objects and morphisms), such a structure is two-layered as well, involving
mappings between objects as well as between morphisms. This is formalized in the
following notion.

Definition 1.41. Let C and C′ be categories. A functor F : C −→C′ consists of two
maps

F : Obj(C) −→ Obj(C′) and F : Hom(C) −→ Hom(C′)

that are compatible with identity morphisms and composition of morphisms, in the
sense that they obey the following conditions:

(1) For every object V ∈Obj(C) one has F (idV ) = idF (V ).

(2) For every morphism f ∈Hom(C), one has

s(F (f)) = F (s(f)) and t(F (f)) = F (t(f)).

(3) For any pair f, g of composable morphisms one has

F (g ◦ f) = F (g) ◦ F (f) .

Given two functors

F : C −→ C′ and G : C′ −→ C′′,

their composition, or concatenation, G ◦F : C −→C′′ is the functor that is obtained
by composition of maps.

Since composition of maps is associative, the concatenation of functors is asso-
ciative: one has

H ◦ (G ◦F ) = (H ◦G) ◦ F

for any triple of functors F : C1−→C2, G : C2−→C3 and H : C3−→C4.
A functor F : C −→C is called an endofunctor of C. For a functor between cate-

gories that are enriched over Vect(K), it is natural to require that the functor has
to be compatible with this structure, i.e. is K-linear on morphism spaces; such a
functor is called a K-linear functor.

Recall the notion of opposite category, see Example 1.5(1). For given categories
C and D, a functor F : Copp−→D is referred to as a contravariant functor from C
to D. Note that a functor Copp−→D can equivalently be described as a functor
C −→Dopp. In short, a contravariant functor reverses the arrows.

Here are a few examples of functors, some of which we have actually already
encountered above:

Examples 1.42.

(1) For any category C, the identity functor idC : C −→C, which acts as the identity
map both on objects and morphisms, is an endofunctor.

(2) Mapping any group G to the underlying set (i.e. forgetting all the group struc-
ture) and any group homomorphism to the underlying map of sets gives a
functor from the category of groups to the category of sets, called the forgetful

functor.
Likewise, for any category C whose objects and morphisms are sets, and maps
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between sets, respectively, that are endowed with any kind of additional struc-
ture, there is an analogous forgetful functor from C to the category of sets.

(3) For any category C, Hom: Copp×C −→Set is a functor that sends an ordered
pair (X,Y ) of objects to the morphism set HomC(X,Y ). A morphism (X,Y )−→
(X ′, Y ′) in the category Copp×C is a pair (f, g) of morphisms f : X ′−→X and
g : Y −→Y ′ in C. The functor Hom sends it to the map

Hom(f, g) : HomC(X,Y ) −→ HomC(X
′, Y ′) ,

h 7−→ g ◦ h ◦ f .

(4) Given a field K and a group G, a functor ∗//G−→Vect(K) amounts to a K-li-
near representation of G.
Similarly, given an associative K-algebra A, a K-linear functor ∗//A−→Vect(K)
amounts to an A-module. Explicitly, this is a K-vector space M together with
a morphism ρM : A−→EndK(M) of K-algebras.

(5) Associating to a K-vector space V its dual space V ∗ provides a functor

Vect(K) −→ Vect(K)opp,

V 7−→ V ∗

from the category Vect(K) to its opposite category.
Taking the double dual provides an endofunctor

(1.43)
(−)∗∗ : Vect(K) −→ Vect(K) ,

V 7−→ V ∗∗

of Vect(K).

(6) Let φ : R−→S be a morphism of rings. Then to any given S-module (M,ρ)
we can associate an R-module φ∗M that is defined as the abelian group M
together with the action of R given by the composite

R×M
φ×idM
−−−−−→ S×M

ρ
−→M .

The map underlying a morphism ϕ : M −→N of S-modules also provides a mor-
phism φ∗M −→φ∗N of R-modules. We thus have a functor

φ∗ : S-mod −→ R-mod .

By a slight abuse of language, φ∗ is called the restriction functor from S-mod
to R-mod, or also the restriction of scalars .

Exercise 1.44. Given a functor F : C −→D and an object d∈D, the slice cate-

gory over d, denoted by F/d, is defined as follows. An object of F/d is a pair
(c, f) consisting of an object c∈C and a morphism f : F (c)−→ d in D. A morphism
(c, f)−→ (c′, f ′) between two such pairs is a morphism g : c−→ c′ in C such that
f ′ ◦F (g)= f . In the special case F = idC we write C/c := idC/c for c∈C.

(1) For any functor F : Γ−→Ω between groupoids and any object y ∈Ω, describe
the slice category F/y. More precisely, what are the isomorphism classes and
automorphism groups of F/y ?

(2) An isomorphism class of a monomorphism in a category C with target c, seen
as an object in C/c, is called a subobject of c. Describe the subobjects of
all objects in the category of finite-dimensional vector spaces. What are the
finite-dimensional vector spaces with exactly one or exactly two subobjects?
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In the following exercise we show that a morphism X
f
−→Y of smooth manifolds

gives rise to a functor f∗ : BunG(Y )−→BunG(X) that relates the groupoids of G-
bundles which we studied in Exercise 1.33.

Exercise 1.45.

(1) Let X
f
−−→Y be a morphism of smooth manifolds and P

π
−−→Y a G-bundle on

Y . Show that the pullback, i.e. the set

X ×Y P := { (x, p) ∈ X ×P | f(x)= π(p) }

endowed with the subspace topology, i.e. with the coarsest topology such that
the embedding is continuous, is a smooth submanifold of X ×P .

(The pullback depends on the maps f and π, which are omitted in the notation.

Also, it is important that here P
π
−→Y is a bundle. In general, the pullback

of manifolds is not a manifold, as the following example shows: Let Y =R be
a one-dimensional manifold, X = {0} a zero-dimensional manifold, and f the
natural embedding. Take P =R

2 and π(x, y)= xy. Then X ×Y P is the subset
{(x, y) |xy=0} in R2, which is not a manifold.)

(2) Show that the pullback f∗P has the following universal property: Let Z be a
smooth manifold and αX and αP be morphisms of smooth manifolds such that
the square

Z P

X Y

αP

αX π

f

commutes. Then there exists a unique map α of smooth manifolds such that
also the two triangles in the diagram

Z

X×Y P P

X Y

αP

α

αX

pr2

pr1 π

f

commute.

(3) Show further that the G-action on P given by definition induces a G-action
on the manifold X ×Y P , whereby X ×Y P forms a G-bundle on X that makes
the square

X ×Y P P

X Y

pr2

pr1 π

f

commute. (Here pr1 and pr2 denote the projection on the first and second
factor of the product manifold X ×P , respectively.) The bundle X ×Y P is
denoted by f∗P .
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(4) Conclude that, given a morphism X
f
−→Y of smooth manifolds, we have in this

way constructed a functor

f∗ : BunG(Y ) −→ BunG(X) .

Hint: For a morphism ϕ : P −→P ′ of G-bundles on Y , use the universal property
of the pullback in the diagram

P

f∗P

f∗P ′ P ′

X Y

ϕ

π′

f

Group morphisms give rise to functors between groupoids of bundles as well:

Exercise 1.46. Let ϕ : H −→G be a morphism of finite groups. Then for a H-bun-
dle π : P −→X over X we define

P ×ϕG := P×G/∼ ,

where ∼ is the relation (p.h, g)∼ (p, ϕ(h)g). (P×ϕG is taken to be endowed with
the quotient topology, i.e. with the finest topology such that the surjection is con-
tinuous.)
Show that π induces a map P ×ϕG−→X which is continuous and is even an
G-bundle. We call this bundle the extension of P along ϕ and denote it by
IndGH(P )≡ IndGH;ϕ(P ).

Observe further that the assignment P 7→ IndGH(P ) extends to a functor

IndGH : BunH(X) −→ BunG(X) .

As seen in Example 1.42(4), a representation of a group G is the same as
a functor ∗//G−→Vect(K). Since the representations of a group, together with
intertwiners between representations as morphisms, form a category, this suggests
that there should be a notion of morphism between functors and thereby a category
of functors. This idea is formalized by the following concept:

Definition 1.47. Let F,G : C −→C′ be functors between the same pair of categories.
A natural transformation

η : F −→ G

from F to G is a family of morphisms

ηV : F (V ) −→ G(V )

in C′, indexed by V ∈Obj(C) and called the components of η, such that for any
morphism f : V −→W in C the diagram

(1.48)

F (V ) G(V )

F (W ) G(W )

F (f)

ηV

G(f)

ηW

Author's preliminary version made available with permission of the publisher, the American Mathematical Society



34 1. CATEGORIES

in C′ commutes.
If for every object V ∈Obj(C) the morphism ηV is an isomorphism, then the natural
transformation η : F −→G is called a natural isomorphism.

Natural transformations can be composed in two different ways:

Definition 1.49. For functors F, F ′, F ′′ : C −→D, the vertical composition

η′ ◦ η : F −→F ′′

of two natural transformations η : F −→F ′ and η′ : F ′−→F ′′ is the natural trans-
formation that is obtained by composing their component morphisms, i.e.

F (X)
(η′◦η)X−−−−−−−→ F ′′(X) := F (X)

ηX−−−→ F ′(X)
η′X−−−→ F ′′(X)

for any object X in C.

For functors F, F ′ : C −→C′, and G,G′ : C′−→C′′, the horizontal composition

η ⋆ϕ : G ◦F −→ G′◦F ′

of two natural transformations ϕ : F −→F ′ and η : G−→G′ is the natural transfor-
mation that in terms of components is given by

(η ⋆ ϕ)X := ηF ′X ◦G(ϕX) = G′(ϕX) ◦ ηFX

for any object X in C.

Exercise 1.50. Verify that the so defined vertical and horizontal composites η′ ◦ η
and η ⋆ ϕ are indeed natural transformations from F to F ′′ and from G ◦F to
G′ ◦F ′, respectively.
In particular, prove that the equality (η ⋆ ϕ)X =G′(ϕX) ◦ ηFX holds for every object
X .

We visualize a natural transformation η : F −→G by the diagram

(1.51) C D

F

G

η

According to this description, it is appropriate to think of η as being assigned to the
2-gon formed by the two arrows; a natural transformation is therefore sometimes
referred to as a filler of the diagram (1.51).

In terms of such diagrams, the vertical composition of natural transformations
η and η′ is expressed as

(1.52) C D 7−→ C DF ′

F

F ′′

F

F ′′

η

η′

η′◦η

Author's preliminary version made available with permission of the publisher, the American Mathematical Society



1.3. FUNCTORS AND NATURAL TRANSFORMATIONS 35

and the horizontal composition as

(1.53) C C′ C′′ 7−→ C C′′

F

F ′

G

G′

G◦F

G′◦F ′

ϕ η η⋆ϕ

Examples 1.54. [AdHS, 6.2]

(1) Consider the following “squaring functor” Sq from the category of groups to the
category of sets: Sq(G) :=G×G for any group G and Sq(f) := f × f for any
group homomorphism f : G−→H . For a group G, the multiplication is a map
µG : G×G−→G. The family µ=

(
µG
)
is a natural transformation from Sq to

the forgetful functor. Indeed, the naturality condition (1.48) just amounts to
f(µG(g, g

′))=µH(f(g), f(g′)) for all group homomorphisms f : G−→H and all
g, g′ ∈G.

(2) The same construction works when the category of groups is replaced by the
category of any type of algebras.

(3) For a vector space V define the linear map ηV from V to its double dual V ∗∗

by (ηV (v))(f) := f(v) for every v ∈V and f ∈ V ∗. The family
(
ηV
)
is a natural

transformation from the identity functor of Vect to the double dual functor
(1.43).

(4) In algebraic topology, for any n∈Z≥1 there are the functors πn and Hn from
the category of topological spaces to the category of groups, which map a topo-
logical space X to its nth homotopy group and nth homology group, respec-
tively. Assigning to every topological space X the Hurewicz homomorphism

from πn(X) to Hn(X) gives a natural transformation πn−→Hn between these
two functors.

(5) For any category C and any morphism f ∈HomC(c, c
′), pre-composition with f

defines a natural transformation from the Hom functor HomC(c
′,−) to the Hom

functor HomC(c,−). Post-composition with f defines a natural transformation
from HomC(−, c) to HomC(−, c′).

Example 1.55. Let F : C −→Set be a functor from a category C to the category
of sets and let X be an object of C. Denote by Nat(HomC(X,−), F ) the set
of natural transformations from the functor HomC(X,−) : C −→Set to F . Then
the map that sends a natural transformation η ∈Nat(HomC(X,−), F ) to the value
ηX(idX)∈F (X) of the component map ηX : HomC(X,X)−→F (X) yields a bijec-
tion

Nat(HomC(X,−), F )
∼=
−−→ F (X) .

The inverse map F (X)−→Nat(HomC(X,−), F ) maps an element x of the set F (X)
to the natural transformation from HomC(X,−) to F whose component at Y ∈C is
the map HomC(X,Y )−→F (Y ) that sends f : X −→Y to (F (f))(x).
This is one of the many variants of what in category theory is referred to as the
Yoneda Lemma. For further background we refer to Section 2.2 of [Ri2].

Natural transformations also play an important role in the context of bundles.
This is illustrated in the following example.
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Example 1.56. Let G be a finite group. As seen in Exercise 1.45(4), for any map
f : M −→N of manifolds there is a pullback functor f∗ : BunG(N)−→BunG(M). Let
f0, f1 : M −→N be two such maps, and let α be a homotopy from f0 to f1, that is,
a map α : M × [0.1]−→N satisfying

α(m, 0) = f0(m) and α(m, 1) = f1(m)

for eachm∈M . For any pointm∈M , consider the path sm inN from sm(0)= f0(m)
to sm(1)= f1(m) that is given by sm(t) :=α(m, t) for t∈ [0, 1]. For PG a G-bundle

on N , parallel transport along the path sm induces a map (PG)f0(m)

∼=
−−→ (PG)f1(m)

of fibers of the bundle. The corresponding maps on the fibers (f∗
0PG)n and (f∗

1PG)n
of the pullbacks combine into an isomorphism

αPG
: f∗

1PG
∼=
−−→ f∗

0PG

of G-bundles. This is natural in bundle morphisms. Hence the homotopy α provides
a natural transformation

α∗ : f∗
0 −→ f∗

1

between the two pullback functors.

We can now return to our original motivation for introducing the concept of
a natural transformation: A functor F : ∗//G−→Vect(K) evaluated on the single
object ∗ gives a vector space V :=F (∗) and a morphism G−→End(V ) that endows
V with the structure of a G-representation. A natural transformation between fun-
ctors F and F ′ from ∗//G to Vect(K) has a single component corresponding to the
single object ∗, which constitutes a linear map η∗ : F (∗)−→F ′(∗). The commuting
diagram (1.48) then implies that η∗ is an intertwiner between the G-representations
F (∗) and F ′(∗).

Exercise 1.57.

(1) Let C be a small category, i.e. such that Obj(C) is a set, and let D be any ca-
tegory. Show that the functors C −→D together with natural transformations
form a category, to be denoted as [C,D] and called the category of functors

from C to D.
(The condition that C is small ensures that the morphism sets of the functor
category are indeed sets, rather than just classes.)

(2) Let G be a finite group and K be a field. Show that the functor category
[∗//G,Vect(K)] is just the category of G-representations.

In view of these observations we will refer to a functor C −→Vect(K) also as a
K-linear representation of the category C.

Example 1.58. Towards topological field theory.

Of central interest to us will be a K-linear representation of the cobordism category
Cobd,d−1. We introduce it in the following first attempt at defining the notion of a
topological field theory in dimension d:

Tentative Definition:
A d-dimensional topological field theory is a representation of a d-dimensional cobor-
dism category, i.e. it is a functor

(1.59) Z : Cobd,d−1 −→ Vect(K) .

Author's preliminary version made available with permission of the publisher, the American Mathematical Society



1.3. FUNCTORS AND NATURAL TRANSFORMATIONS 37

This means in particular that we assign vector spaces to (d−1)-dimensional man-
ifolds and linear maps to d-dimensional cobordisms. To promote this first ansatz
to a full definition, it will be necessary to identify further structure with which
the cobordism category as well as the category of vector spaces can be endowed.
The topological field theory functor is then required to be compatible with those
structures. We will include the extra structures in question in several steps; see
(2.88) for the next step, and Definition 2.100 for the final version of the notion.

As already pointed out at the beginning of the invitation chapter, in the termi-
nology of quantum field theory the two layers of structure we are dealing with have
the following interpretation: the vector spaces that are assigned to (d−1)-man-
ifolds are spaces of field configurations which play the role of initial conditions,
while the linear maps assigned to cobordisms are transition amplitudes. To obtain
a concrete model of a quantum field theory that fits into this picture is in fact far
from trivial. As we will explain in Section 2.1, a suitable framework for this specific
class of models is provided by a particular kind of gauge theories, for which the
field configurations form a groupoid rather than a set.

We continue to develop our general categorical tools. The notion of natural
isomorphism allows us to formulate what it means that two categories are essentially
the same:

Definition 1.60. A functor

F : C −→ D

is called an equivalence of categories if there exist a functor

G : D −→ C

and natural isomorphisms

η : idD −→ F ◦G

and θ : G ◦F −→ idC .

Remark 1.61. Invoking the general principle, formulated in Remark 1.12, that
isomorphisms of objects are more significant than equalities, we learn that usually
it does not make sense to require two functors to be equal, but we should but
rather require them to be isomorphic. Accordingly, the natural relation between
categories that are ‘essentially the same’ is equivalence of categories. As a conse-
quence, ‘reasonable’ properties of a category should be shared by all categories that
are equivalent to it. This is called the principle of equivalence.

For example, the number of isomorphism classes or path components is invariant
under equivalence of categories and is therefore a reasonable quantity that we can
extract from a category. In contrast, the number of objects of a category is not
invariant under equivalence and is thus not a reasonable quantity.

The following result provides a convenient criterion for detecting equivalences
of categories:

Lemma 1.62. A functor F : C −→D is an equivalence of categories if and only if
F has both of the following properties:

(1) The functor F is essentially surjective, i.e. for any object W of D there exists
an object V of C such that F (V )∼=W in D.
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(2) The functor F is fully faithful , i.e. for any pair V, V ′ of objects in C the map

F : HomC(V, V
′) −→ HomD(F (V ), F (V ′))

on morphism sets is bijective.

Proof. A complete proof can be found e.g. in [Kas, p. 278]. Let us just men-
tion here that when constructing a quasi-inverse to a fully faithful and essentially
surjective functor one has to use the axiom of choice. �

The notion of equivalence allows us to introduce further concepts for categories:
A category is called essentially small if it is equivalent to a small category. A cate-
gory is called skeletal if any two of its objects that are isomorphic are in fact equal.
A skeleton of a category C is a skeletal subcategory of C such that the inclusion
functor is an equivalence of categories. By picking one object in each isomorphism
class we see that any category has a skeleton. (Here it is assumed that the axiom
of choice holds.)

Exercise 1.63.

(1) Show that the family of natural maps ιV : V −→V ∗∗, for V any K-vector space,
defined by ιV (v)(ϕ) :=ϕ(v) for v ∈V and ϕ∈ V ∗ forms a natural transformation

ι : idVect(K) −→ (−)∗∗

of endofunctors on Vect(K).

(2) Restrict these functors to the full subcategory Vectf.d.(K) of finite-dimensional
K-vector spaces.
Show that the natural transformation that is induced on the resulting restric-
tions is a natural isomorphism.

For later purposes it is crucial that we can replace the groupoid of G-bundles
over a manifold M by an equivalent groupoid that is built from very basic topolog-
ical data of M . Such a description will be derived in Example 1.74 for G-bundles
on the circle S1. This will be used to obtain, in Equation (5.31), a compact al-
gebraic expression for the category that is assigned to S1 by a three-dimensional
Dijkgraaf-Witten field theory.

The following considerations prepare the statement and proof of this result.

Exercise 1.64. Verify that for a disjoint union Y1 ⊔Y2 of smooth manifolds the
inclusions of Y1 and Y2 into the disjoint union induce a functor

BunG(Y1 ⊔Y2) −→ BunG(Y1)× BunG(Y2) .

Prove that this functor is an equivalence.

Exercise 1.65. LetX be a connected manifold or, more generally, a path-connected
topological space. Any choice of a base point x0 ∈X gives a functor

ιx0
: ∗//π1(X, x0) −→ Π1(X)

from the groupoid with one object ∗ and automorphism group π1(X, x0) to the fun-
damental groupoid Π1(X) introduced in Exercise 1.24(2), as follows: The functor
ιx0

sends the single object ∗ to the base point x0 ∈X and sends a closed path to
the corresponding endomorphism of x0 in Π1(X).
Show that the functor ιx0

is an equivalence categories.
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1.4. Groupoids of bundles

We now use the categorical tools just developed to describe groupoids whose
objects are bundles. The results of this section will play a crucial role in the study
of Dijkgraaf-Witten topological field theories, in particular in Sections 5.4 and 5.5.
Some readers might mainly take notice of Proposition 1.73 and Example 1.74 in a
first reading.

In Exercise 1.33 we have seen that for any manifold X and any finite group
G the category BunG(X) of G-bundles on X is a groupoid. We have also seen, in
Exercise 1.45, that any morphism f : X −→Y of manifolds gives rise to a pullback
functor f∗ : BunG(Y )−→BunG(X). Finally, as explained in Example 1.56, given
a homotopy α between two maps f1, f2 : X −→Y we get a natural isomorphism
α∗ : f∗

1 −→ f∗
2 between the pullback functors. G-bundles are thus well adapted to

the categoryMan of manifolds. (In fact, they form a stack on Man.) This turns
them into a convenient tool for constructing examples of topological field theories.
In the present section we aim at obtaining a concrete algebraic understanding of
these groupoids of bundles. This will eventually allow us to extract explicit algebraic
structures from topological field theories constructed from bundles.

Let X be a manifold and G be a finite group. Recall from Exercise 1.34(3) that
for any G-bundle P overX the fiber over any point x∈X is a G-torsor, and that for
any path γ : [0, 1]−→X , parallel transport gives a morphism holγ : Pγ(0)−→Pγ(1) of
G-torsors which depends only on the homotopy class of γ. Now recall that homotopy
classes of paths are the morphisms in the fundamental groupoid Π1(X) of X that
was introduced in Exercise 1.24(2). Accordingly we get for any G-bundle P over
X a transport functor

TP : Π1(X) −→ G-Tor

from the fundamental groupoid of X to the groupoid of G-torsors. This yields a
functor

T : BunG(X) −→ [Π1(X), G-Tor]

between groupoids. This assignment is completely geometrical in the sense that it
does not involve any choices.

We will now show that the functor T is an equivalence. To arrive at this
result, we first notice that by invoking Exercise 1.64 we can restrict ourselves to the
situation that the base manifold X is connected. From now on we assume that this
is the case. A connected manifold is also path-connected. Accordingly, when X is
connected, we would rather prefer to work with the fundamental group π1(X, x0)
for some chosen base point x0 ∈X , for which frequently an explicit presentation in
terms of generators and relations is available. The fundamental groups for different
base points are isomorphic, but not canonically isomorphic. Indeed, as seen in
Exercise 1.65, each choice of a base point x0 ∈X gives an equivalence

ιx0
: ∗//π1(X, x0) −→ Π1(X)

of categories between the groupoid tht has a single object with automorphism group
π1(X, x0) and the fundamental groupoid of X .

Definition 1.66. For X a connected manifold and a choice of a point x0 ∈X , the

category BunptG (X, x0) of pointed bundles is the category whose objects are pairs
(P, p0) with p0 a reference point in the fiber Px0

, and whose morphisms are all
morphisms of G-bundles.
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In particular, for X = {∗} a point, the groupoid G-Torpt :=BunptG (∗) is the
groupoid of G-torsors with a reference point in the torsor.

Lemma 1.67. The forgetful functor

(1.68)
BunptG (X, x0) −→ BunG(X) ,

(P, p0) 7−→ P

which forgets the reference point p0 is an equivalence of categories.

Proof. The functor is fully faithful by definition, and it is essentially surjective
because we are free to choose any point in the fiber Px0

as reference point p0. �

As a special case, G-Torpt is equivalent to G-Tor. This allows us to define the

functor T̃ by the commutativity of the diagram

BunG(X) [Π1(X), G-Tor]

BunptG (X, x0) [∗//π1(X, x0), G-Tor]

T

∼= ι∗x
0

∼=

T̃

The functor T̃ sends the G-bundle P with reference point p0 to the functor

F : ∗//π1(X, x0) −→ G-Tor

satisfying F (∗)= p0 and sends a closed path γ starting at x0 to the endomorphism
TPγ : Px0

−→Px0
of torsors which describes transport along the closed path γ. The

reference point p0 ∈Px0
provides a lift T̂ of T̃ via

BunptG (X) [∗//π1(X, x0), G-Tor]

[∗//π1(X, x0), G-Tor
pt]

T̃

T̂

∼=

The following result gives an algebraic description of the groupoid in the bottom
row of this diagram:

Lemma 1.69. For H a finite group, the functor category [∗//H,G-Torpt] is canon-
ically equivalent to the category Hom(H,G)//G that has group homomorphisms
ϕ : H −→G as objects and on which G acts by conjugation, g.ϕ(h) := g ϕ(h) g−1.

Proof. The image F (∗) under the functor F : ∗ //H −→G-Torpt is a G-torsor
with reference point p0 ∈F (∗). For any morphism h∈H , F (h) is a morphism of
this G-torsor. The image F (h)(p0) of the reference point is of the form ϕ(h).p0
for some ϕ(h)∈G. One checks that the so defined map ϕ : H −→G is a group
homomorphism. This defines the map of objects for a functor

[∗//H,G-Torpt] −→ Hom(H,G)//G .

A natural transformation α : F1−→F2 in [∗//H,G-Torpt] has a single component
F1(∗)−→F2(∗), which is a morphism of pointed G-torsors and which can thus be
identified with an element gα ∈G. The defining property of natural transformations
then implies that ϕ2(h)= gα ϕ1(h) g

−1
α . �
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Composing the functor T̂ with the canonical equivalence from Lemma 1.69
(withH = π1(X, x0)) we get for any choice of base point x0 ∈X a canonically defined
functor

(1.70) H : BunptG (X, x0) −→ Hom(π1(X, x0), G)//G

of groupoids. It sends a bundle P −→X with reference point p0 ∈Px0
to holPp0 , the

holonomy morphism (1.35):

(1.71)
hol : Obj(BunptG (X, x0)) −→ Hom(π1(X, x0), G)) ,

(P, p0) 7−→ holPp0

Lemma 1.72. The functor (1.70) is an equivalence of categories.

Proof. If H maps two morphisms Φ and Φ′ : (P, p0)−→ (P ′, p′0) to the same
group element, then Φ′(p0)=Φ(p0), so that Φ−1◦Φ′ is an automorphism preserving
the reference point. Such an automorphism is necessarily the identity map. More-
over, for any h∈G there exists a morphism Φ with H(Φ)=h, namely the morphism
Φ : P −→P that in each fiber is acting by h. Thus H is fully faithful.
Furthermore, any group homomorphism ϕ : π1(X, x0)−→G defines a π1(X, x0)-
action on G. Each orbit σ of this action gives a transitive group homomorphism
from G to the symmetric group Sℓ(σ) with ℓ(σ) the length of the orbit, and thereby
an ℓ(σ)-sheeted cover of X . The disjoint union, over all orbits, of these covers
furnishes a pointed G-bundle P on X such that hol(P )=ϕ. Thus the functor H is
essentially surjective. The claim now follows from Lemma 1.62. �

This result implies that the other functors involved are equivalences of groupoids
as well. For convenience we list all pertinent statements:

Proposition 1.73.

(1) For any finite group G and any manifold X the functor

T : BunG(X) −→ [Π1(X), G-Tor]

that assigns to a G-bundle its transport operator is a canonical equivalence of
categories.

(2) If X a connected manifold, then any choice of base point x∈X gives a canonical
equivalence

BunptG (X)
≃
−−→ Hom(π1(X, x), G)//G

between the category of pointed bundles and the action groupoid on the set of
group homomorphisms.

(3) In particular, for any connected manifold X there is a bijection

π0(BunG(X))
∼=−−→ Hom(π1(X, x), G)/G

between isomorphism classes of G-bundles on X and orbits of the adjoint G-
action on Hom(π1(X, x), G).

Later on we will make use of these results when investigating Dijkgraaf-Witten
theories. We conclude this section by showing how they also allow us to make
groupoids of bundles explicitly computable:
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Example 1.74. The fundamental group of the circle S1 is freely generated by a
path of winding number 1, and hence is isomorphic to the integers. It thus follows
from Proposition 1.73(2) that the groupoid BunG(S1) of G-bundles over the circle
is equivalent to the groupoid G//G of G acting on itself by conjugation. Explicitly,
the set of objects of this groupoid is (non-canonically) the group G seen as a set,
while a morphism between g ∈G and g′ ∈G is a group element h∈G such that
g′= hgh−1.
In other words, a G-bundle over the circle S1 is determined by its holonomy around
a generator of the fundamental group (with respect to any choice of base point)
of the circle. The set π0(BunG(S

1)) of isomorphism classes of objects is the set of
conjugacy classes in G, and the automorphism group AutBunG(S1)(P ) of a G-bundle
P with holonomy g ∈G is the centralizer group of the group element g.

As another application we derive an important finiteness property of the grou-
poid of bundles over a compact manifold.

Definition 1.75. An essentially finite category is a category that is equivalent to a
category whose class of morphisms (and hence in particular also its class of objects)
is a finite set.

Remark 1.76. Any essentially finite groupoid Γ is non-canonically equivalent to
one of the form

⊔n
i=1BGi with finite groups Gi. Indeed, choose representatives

x1, x2, ... , xn ∈Γ for the different isomorphism classes of Γ and set Gi :=AutΓ(xi).
Then we obtain functors BGi−→Γ that send the single object of BGi to xi and
are tautologically defined on morphisms. The induced functor

⊔n
i=1BGi−→Γ is an

equivalence. (The reader is invited to check that the induced functor
⊔n
i=1BGi−→Γ

is essentially surjective and fully faithful and hence is indeed an equivalence.)

Corollary 1.77. For any compact manifold X and any finite group G the groupoid
BunG(X) of G-bundles over X is essentially finite.

Proof. Being compact, X has finitely many connected components; hence
without loss of generality we can take X to be connected. In this case the assertion
follows from Proposition 1.73(3) together with the facts that the fundamental group
of a compact manifold is finitely generated [Sak, Lemma 1.2] and that there are only
finitely many group homomorphisms from a finitely generated group to a finite
group. (This exhibits BunG(X) concretely as an essentially finite groupoid, albeit
at the price of making a choice of the base point for the fundamental group, so that
this realization is not canonical.) �

1.5. Limits and colimits

In this section we give a brief account of the theory of limits and colimits in
categories, to the extent that is needed for our considerations. For a more compre-
hensive introduction we refer to [Mac] and to Chapter 11 of [AdHS].

Definition 1.78. Let I be a small category and C an arbitrary category. A diagram

in C of shape I is a functor X : I −→C.

Example 1.79. Let us illustrate this concept by an easy concrete example. Let I
be the category with three objects •, ⋆ and ⋄ whose only non-identity morphisms are
a morphism α : • −→ ⋆ and a morphism β : ⋄ −→ ⋆ (there are thus no compositions
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that need to be specified). We may depict I as follows:

⋄

• ⋆

β

α

A diagram X : I −→C of shape I in a category C is completely specified by giv-
ing the three objects Q :=X(•), R :=X(⋆) and S :=X(⋄) and the morphisms
f :=X(α) : Q−→R and g :=X(β) : S−→R.

Diagrams of the shape described in Example 1.79, as well as dual versions
of these, will be of particular interest to us. Accordingly we introduce separate
terminology for them:

Definition 1.80. A diagram in a category C of the form

(1.81)

S

Q R

g

f

is called a cospan in C, while a diagram of the form

(1.82)

S

Q R
f

g

is called a span in C.

Example 1.83. The following class of diagrams is quite trivial, but nevertheless
important. For any category C, the (binary) diagonal functor ∆: C −→C ×C is the
functor that maps any object X to the pair (X,X) and any morphism f to the pair
(f, f). More generally, for any small category I, the diagonal functor is a functor ∆
from C to the category Fun(I, C) of functors from I to C. ∆ assigns to the object
X ∈C the constant functor ∆X , i.e. the diagram that maps every object in I to X
and every morphism in I to idX , and it assigns to a morphism f in C the natural
transformation of diagrams whose component at every object in I is given by f .
(The binary diagonal functor is recovered for I a category with two objects.)

Definition 1.84. Let I be a small category and C be a category, and let X : I −→C
be a diagram in C of shape I.
For every object Y ∈C, the constant functor gives such a diagram ∆Y .

(1) A cone to the diagram X : I −→C is an object Y ∈C together with a natural
transformation α : ∆Y −→X of functors I −→C.
(Thus α is a family of morphisms αi : Y −→X(i), one for each i∈I, such that
αj =X(f) ◦αi for any morphism f : i−→ j in I.)

(2) A limit of the diagram X is a cone (Y, α: ∆Y−→X) that is universal in the sense
that for any cone β : ∆Z −→X to X there is a unique morphism ϕ : Z −→Y such
that α ◦∆(ϕ)= β.
This property is referred to as the universal property of the limit.
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Remark 1.85. A limit is defined as a pair (Y, α), but it is common to suppress
the structure morphism α in the notation and to refer to the object Y alone as a
limit. Nonetheless, α is part of the data.

Example 1.86. A cone to the cospan diagram from (1.81) is an object P in C
together with morphisms πQ : P −→Q and πS : P −→S that make the diagram

(1.87)

P S

Q R

πS

πQ g

f

commute. This statement is extracted from Definition 1.84 as follows: The data of
the cone consist of an object P ∈C and three morphisms πQ : P −→Q, πS : P −→S
and πR : P −→R subject to the conditions

f ◦ πQ = πR and g ◦ πS = πR .

Thus we can equivalently impose f ◦πQ= g ◦ πS and eliminate the redundant infor-
mation πR. The universality of this cone means that for any cone to the diagram
(1.81), i.e. any object P ′ with morphisms π′

Q : P ′−→Q and π′
S : P

′−→S making

the analogue of (1.87) commute, there is a unique morphism ϕ : P ′−→P such that
πQ ◦ϕ=π′

Q and πS ◦ϕ= π′
S . A convenient way to express this universality is by

means of a diagram of the form

(1.88)

P ′

P S

Q R

π′
S

∃!ϕ

π′
Q

πS

πQ g

f

Such a type of limit is called a pullback.
We have in fact already encountered a special case of this structure: The pullback
of a principal G-bundle is formed by taking a pullback in the category of manifolds,
see Exercise 1.45.

The definition of a limit can be dualized, giving the notion of a colimit:

Definition 1.89. Let I be a small category and C be a category, and let X : I −→C
be a diagram in C of shape I.
For every object Y ∈C, the constant functor gives such a diagram ∆Y .

(1) A cocone to the diagram X : I −→C is an object Y ∈C together with a natural
transformation α : X −→∆Y of functors I −→C.
(Thus α is a family of morphisms αi : X(i)−→Y , one for each i∈C such that
αj ◦X(f)=αi for any morphism f : i−→ j in I.)

(2) A colimit of the diagram X is a cocone (Y, α:X −→∆Y ) that is universal in
the sense that for any cocone β : X −→∆Z from X there is a unique morphism
ϕ : Y −→Z such that ∆(ϕ) ◦α= β.

According to Definition 1.84, a cone to an arbitrary diagram X : I −→C consists
of a object Y in C and morphisms αi : Y −→X(i) for all i∈I such that for every
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morphism f : i−→ j in I the triangle

Y X(j)

X(i)

αj

αi

X(f)

commutes. Generalizing (1.88), the diagrammatic representation of the universality
of the cone (Y, α) is expressed as follows:

Z

Y X(j)

X(i)

βj

∃!ϕ

βi

αj

αi

X(f)

Lemma 1.90. A limit of a diagram, if any exists, is unique up to canonical isomor-
phism. More specifically, assume that both α : Y −→X and α′ : Y ′−→X are limits
to the same diagram X . Then there is a unique isomorphism ϕ : Y −→Y ′ such that
α′ ◦ϕ=α.

Proof. Since α : Y −→X is a cone to X , by the universal property for the limit
α′ : Y ′−→X there is a unique morphism ϕ : Y −→Y ′ such that α′ ◦ϕ=α. It remains
to show that the so defined morphism ϕ is invertible. To this end, note that by
exchanging the roles of α and α′ we find a unique morphism ϕ̃ : Y ′−→Y such that
α ◦ ϕ̃=α′. This entails that the morphism ϕ̃ ◦ϕ : Y −→Y satisfies the equalities
α ◦ ϕ̃ ◦ϕ=α′ ◦ϕ=α. By the universal property of α this implies, in turn, that
ϕ̃ ◦ϕ= idY . After exchanging once again the roles of α and α′ we find likewise that
ϕ ◦ ϕ̃= idY ′ . �

This result justifies to refer to a (co)limit of a diagram X , if it exists, as the

(co)limit. The (co)limit of X is often denoted by limX and colimX , respectively.

Example 1.91 (Products and coproducts). Recall from Example 1.5(1) that every
set I may be regarded as a discrete category, having only identity morphisms. A
diagram X of shape I in a category C is nothing but a family of objects indexed
over I, i.e. X =(Xi)i∈I . The (co)limit over the I-shaped diagram X =(Xi)i∈I in C
(if it exists) is called the (co)product over the family (Xi)i∈I .

For C=Set the category of sets, one may deduce from the universal property of the
limit that the product of (Xi)i∈I (in the categorical sense just defined) is the Carte-
sian product

∏
i∈IXi together with the projections pi :

∏
j∈IXj −→Xi. Indeed,

these projection maps endow the Cartesian product
∏
i∈IXi with the structure of

a cone to the diagram (Xi)i∈I (there is nothing to check because the shape cate-
gory is discrete). The universality of this cone amounts to the statement that any
family βi : Z −→Xi of maps of sets induces a map (which by Lemma 1.90 is unique)
B : Z −→

∏
i∈IXi such that pi ◦B=βi, namely the map sending z ∈Z to (βi(z))i∈I .

In other words, the assignment (βi)i∈I 7→B just described yields a bijection

(1.92)
∏

i∈I

HomSet

(
Z,Xi

)
∼= HomSet

(
Z,
∏

i∈I

Xi

)
.
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The coproduct over (Xi)i∈I is the disjoint union
∐
i∈IXi together with the inclu-

sions ιi : Xi−→
∐
j∈IXj. The universal property can be verified using an argument

dual to the one just given for the product. It relies on the canonical bijection

(1.93)
∏

i∈I

HomSet

(
Xi, Z

)
∼= HomSet

(∐

i∈I

Xi, Z
)
.

that is induced by the inclusion maps ιi : Xi−→
∐
i∈IXi. (The isomorphisms (1.92)

and (1.93) will be reinterpreted in Exercise 1.132.)

Exercise 1.94. Show that in the category of sets and in the category of topological
spaces both products and coproducts exist, and that the product is given by the
Cartesian product while the coproduct is given by disjoint union.
Further show that products and coproducts exist in the category of vector spaces
over a field, and that they are given by products and direct sums of vector spaces,
respectively.
Under which assumption on the indexing set are products and coproducts in these
categories isomorphic?

Definition 1.95. A category in which limits (colimits) for all diagrams over small
categories exist is called complete (cocomplete).

Instead of asking for all (co)limits to exist, it often makes sense to just ask for
the existence of a certain type of (co)limit. For example, we say that a category
has (co)products if all (co)products exist in the category. Next we study specific
types of (co)limits.

Consider a diagram, in a category C, that has the shape of a category with two
objects and two parallel non-identity morphisms. Such a diagram is determined by
the choice of two objects in C and two parallel morphisms in C. It may thus be
depicted as

(1.96) X Y .
f

g

Definition 1.97. A (co)limit (if it exists) of a diagram of the form (1.96) is called
the (co)equalizer of the parallel pair (f, g). It is denoted by eq(f, g) and coeq(f, g),
respectively.

Example 1.98. For C=Set the category of sets, the equalizer of (f, g) can be
described as

eq(f, g) = {x∈X | f(x)= g(x)} ,

where the structure maps are the inclusion eq(f, g)⊆X and the restriction

f |eq(f,g) : eq(f, g)⊆X
f
−→Y

of f to eq(f, g), which by definition agrees with the restriction of g to eq(f, g).
The universal property amounts to the statement that for any map h : Z −→X with
f ◦h= g ◦h there is a map (which, again by Lemma 1.90, is unique)

ϕ : Z −→ eq(f, g) = {x∈X | f(x)= g(x)} −→ Y

such that the equality f |eq(f,g) ◦ϕ= g|eq(f,g) ◦ϕ holds, namely the map given by
ϕ(z)=h(z) for z ∈Z. (The distinction between ϕ and h is merely that ϕ is regarded
as a map with values in eq(f, g).)
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The coequalizer of (f, g) can be described as

coeq(f, g) = Y/∼

where ∼ is the equivalence relation on Y which, for any x∈X , declares the two
elements f(x) and g(x) of Y to be equivalent. The structure morphisms are the

maps X
f
−→Y −→ coeq(f, g), that is, the composition of f : X −→Y with the quo-

tient map Y −→ coeq(f, g) (again, using g instead of f yields the same result). The
universal property is verified by an analogous argument that is dual to the one for
equalizers, in the sense (compare Definition 1.13(1)) that the direction of all arrows
is reversed.

Example 1.99. The tensor product M ⊗RN of two bimodules M and N over a
ring R is the coequalizer of the diagram

M ×R×N M ×N ,
ρ× idN

idM × ρ

where ρis the right action of R on M and ρ the left action of R on N .

Exercise 1.100. Prove that the category of topological spaces and the category
of modules over a ring have equalizers and coequalizers. Describe them.

Proposition 1.101. If a category admits all products and all equalizers, then it
is complete in the sense of Definition 1.95.
Dually, if a category admits all coproducts and coequalizers, then it is cocomplete.

Sketch of proof.
We provide a formula for an arbitrary limit in terms of products and equalizers and
leave it to the reader to verify the universal property.
The limit of a diagram X : I −→C, if it exists, can be expressed as the equalizer

limX = eq
(∏

i∈I

X(i)
∏

f : i−→j in I

X(j)
λ

µ

)
.

Here the maps λ and µ are defined with the help of the universal property of the
product as follows: The components λf, µf :

∏
i∈IX(i)−→X(j) corresponding to a

morphism f : i−→ j in I are given by

λf :
∏

k∈I

X(k)
projectioni−−−−−−−−→ X(i)

X(f)
−−−−→ X(j)

and

µf :
∏

k∈I

X(k)
projectionj
−−−−−−−−→ X(j) ,

respectively. ✷

Exercise 1.102. Use Proposition 1.101 to conclude that each of the categories
of sets, of topological spaces, and of modules over a ring, is both complete and
cocomplete.
Show that the category of manifolds is neither complete nor cocomplete.
(Hint: Show that pullbacks do not necessarily exist.)

Author's preliminary version made available with permission of the publisher, the American Mathematical Society



48 1. CATEGORIES

Exercise 1.103. A representation of a group G on a vector space V may be re-
garded as a functor ∗//G−→Vect(K) which sends ∗ to V .
Compute the limit and colimit of ∗//G−→Vect(K) and prove that both are isomor-
phic if G is finite and K has characteristic zero.

Remark 1.104. The vector spaces computed in Exercise 1.103 can be described as
follows. The invariants V G of a G-representation V are given by the vector space
of fixed points of the G-action, i.e.

V G := {v∈V | g.v= v for every g ∈G} ,

or, in other words, by the largest trivial subrepresentation of V . Dually, the coin-

variants VG of V are defined as the quotient vector space

VG = V
/
(g.v− v | g∈G , v ∈V ) ,

i.e. as the largest quotient with trivial G-action.

As explained in Example 1.86, a limit of a cospan

(1.105)

Z

X Y

g

f

is called a pullback. Concerning notation, it is common to write the pullback (1.105)
also as X ×Y Z; the commuting square (1.87) that exhibits it as a limit then takes
the form

X×Y Z Z

X Y

πX

πZ g

f

Similarly, a colimit of a span

(1.106)

Y X

Z

f

g

is called a pushout, and is often denoted by X ∪Y Z. Together with the structure
maps that exhibit it as a colimit, a pushout forms a commuting square

(1.107)

Y X

Z X ∪Y Z

f

g

Exercise 1.108.

(1) Prove that in the category of sets a pullback of a diagram of the shape (1.105)
is given by the set

X ×Y Z = {(x, z)∈X ×Z | f(x)= g(z)} .

(2) Show that the pullback of bundles from Exercise 1.45 is a pullback in the
category of manifolds.
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(3) Prove that a pushout in the category of sets of a diagram of the shape (1.106)
is given by the set

X ∪Y Z =
(
X

∐
Z
)
/∼ ,

where the relation ∼ is defined to be the smallest equivalence relation that
satisfies f(y)∼ g(y) for all y ∈Y .

(4) Describe pullbacks and pushouts in the category of modules over a ring and in
the category of topological spaces.

(5) How can pullbacks and pushouts be written as a combination of (co)products
and (co)equalizers?

Hint: Use Proposition 1.101 and the sketch for its proof. If you still get stuck,
consult a textbook, e.g. [Ri2] or [AdHS].

Definition 1.109. A terminal object in a category C is an object Z ∈C such that
for any object Y ∈C there is precisely one morphism with domain Y and codomain
Z. Dually, an initial object in C is an object X ∈C such that for any Y ∈C there is
precisely one morphism from X to Y . An object that is both initial and terminal
is called a zero object , and is commonly denoted by 0∈C.

If a terminal or initial object exists, then it is unique up to unique isomorphism,
and it can be identified with the empty product and the empty coproduct in the
category, respectively. If a zero object 0 exists, then for any pair X,Y ∈C of objects
there is a distinguished morphism X −→Y , namely the composite X −→ 0−→Y ; this
is called the zero morphism in Hom(X,Y ).

Example 1.110. The category of sets has an initial object given by the empty
set, and a terminal object given by the singleton, i.e. the set with one element; in
particular it does not have a zero object. In the category of vector spaces, the zero
vector space {0} is both an initial and a terminal object, and thus a zero object.
The zero morphism between two vector spaces V and W is the linear map that
sends every v ∈V to 0∈W .

Definition 1.111. Let C be a category with zero object. The biproduct , also called
the direct sum, of a finite (possibly empty) collection of objects X1, X2, ... , Xn

in C is an object X1⊕X2⊕ · · ·⊕Xn in C endowed with structure morphisms
pk : X1⊕X2⊕ · · ·⊕Xn−→Xk (which are epimorphisms and are called projection
morphisms) and ık : Xk−→X1⊕X2⊕ · · · ⊕Xn (which are monomorphisms and are
called embedding morphisms) for k=1, 2, ... , n, such that the collection {pk} of
projection morphisms turns the object X1⊕X2⊕ · · ·⊕Xn into a product and the
collection {ık} of embedding morphisms turns it into a coproduct, and such that
the compatibility relations

pk ◦ ık = idXk
and pk ◦ ıl = 0 ∈ Hom(Xl, Xk) for k 6= l

are fulfilled.

Definition 1.112. For a category C with zero object, the kernel of a morphism
f : X −→Y in C is the pullback

ker f X

0 Y

f
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provided that this pullback exists.
Similarly, the cokernel of f is the pushout

X Y

0 cokerf

f

again provided that this pushout exists.

Definition 1.113. An additive category is a category with the following properties:

• Every morphism set has the structure of an abelian group or, in other words,
of a Z-module (recall Example 1.5(4)), in such a way that the composition is
Z-bilinear.

• All finite products and finite coproducts exist.

Exercise 1.114. Show that every additive category has a zero object and that
finite products and finite coproducts in an additive category coincide up to canonical
isomorphism.

Example 1.115. Examples for categories that are not additive are the category of
sets (see Example 1.110), the category of unital rings, which has Z as initial object
and the one-element set as terminal object, and the category of groups, in which
the product is the Cartesian product, while the coproduct is the free product of
groups.

Definition 1.116. An abelian category is an additive category with the following
additional properties:

• Every morphism has both a kernel and a cokernel.

• For any monomorphism f : X −→Y the square

X Y

0 cokerf

f

(which by definition is a pushout) is a pullback; in short, “every monomorphism
is the kernel of its cokernel”.

• For any epimorphism f : X −→Y the square

ker f X

0 Y

f

(which by definition is a pullback) is a pushout; in short, “every epimorphism is
the cokernel of its kernel”.

Exercise 1.117. Show that the category of modules over any ring R, and hence
in particular the category of vector spaces over a field K, is abelian.

Hint: In this case the kernel of a map f : X −→Y of modules over R is given by the
customary point-set expression ker f = {x∈X | f(x)= 0} for the kernel.
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Remark 1.118. The latter example is in fact prototypical: According to the Freyd-
Mitchell embedding theorem, every abelian category is a full subcategory of a cat-
egory of modules over some ring, in such a way that the embedding functor is an
exact functor. For details, see e.g. Chapter 4.4 of [Frey].

Example 1.119. Examples for categories that are additive but not abelian are the
category of Hilbert spaces, the category of even-dimensional vector spaces, and the
category of free abelian groups.

Exercise 1.120. For a ring R, an R-module P is called projective if for any epimor-
phism q : X −→Y of R-modules and any morphism f : P −→Y of R-modules there

is a morphism f̃ : P −→X of R-modules such that the diagram

X

P Y

q

f

f̃

commutes.
Show that the full subcategory of the abelian category of R-modules that has as
objects the projective R-modules is additive, but in general not abelian.
Hint: The projective modules in the category of finitely generated Z-modules are
the free abelian groups.

Definition 1.121. An object X in an abelian category is called simple if 0 and X
are its only subobjects and X 6=0.
An abelian category C is called semisimple if every object is isomorphic to a co-
product of simple objects.

Remark 1.122. Let M be a simple module over a ring R, and X an arbitrary R-
module. Then Schur’s Lemma states that a module morphism f : M −→X is either
injective or zero, and a module morphism g : X −→M is either surjective or zero.
It follows in particular that any module morphism between two simple R-modules
is either an isomorphism or zero. These statements follow from the fact that the
kernel ker(f)⊆M of f and the image g(X)⊆M of g are submodules of M and
thus, M being simple, can only be either all of M or 0.
Schur’s Lemma can also be formulated in categorical terms: Let C be an abelian
category, S ∈C a simple object, and X an arbitrary object in C. Then a morphism
S−→X is either a monomorphism or zero, and a morphism X −→S is either an epi-
morphism or zero, and hence in particular any morphism between simple objects
is either an isomorphism or zero.
There is also a generalization to categories that are not abelian, like K-linear cate-
gories of induced modules over graded algebras. It states that the vector space of
morphisms between any two simple objects X and Y is either zero or isomorphic,
as a graded vector space, to the spaces of endomorphisms of both X and Y , but
the latter spaces contain, in general, non-invertible morphisms.

Remark 1.123. In the K-linear setting, besides simplicity also the following notion
is of interest: An object X in a K-linear category is called absolutely simple if its
endomorphism algebra is isomorphic to the ground field, i.e. if

(1.124) Hom(X,X) = K idX .
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The two notions ‘simple’ and ‘absolutely simple’ are distinct, but closely related: If
K is algebraically closed (as we generally assume) and C is K-linear abelian, then
X ∈C being simple implies that X is absolutely simple. Conversely, if C is K-linear,
with K any field, and has a zero object, and every monomorphism m : X −→Y in
C is split (meaning that there exists a morphism r : Y −→X such that r ◦m= idX),
then X ∈C being absolutely simple implies that X and 0 are the only subobjects
of X , so that X is, if non-zero, simple in the sense of Definition 1.121 (without
necessarily assuming that C is abelian).

The following finite variant of the notion of semisimple category will also be
important to us:

Definition 1.125. An abelian category C is called finitely semisimple if C has only
finitely many simple objects up to isomorphism and if every object is isomorphic
to a finite coproduct (and hence finite product) of simple objects.

Exercise 1.126. Prove that the category of finite-dimensional vector spaces over
a field K is finitely semisimple.

1.6. Adjoint functors

There is one further key concept of category theory that we will need: a functor
can admit an adjoint functor , which is a functor with interchanged domain and
codomain.

Definition 1.127. Let C and D be categories and F and G be functors F : C −→D
and G : D−→C. Then F is called a left adjoint functor of G, and G a right adjoint

functor of F , in symbols F ⊣G, if there are natural transformations

ε : F ◦G −→ idD and η : idC −→ G ◦ F

such that for all objects c in C and d in D the morphisms

G(d)
ηG(d)
−−−−→

(
G◦F

)
◦G(d) = G ◦ (F◦G)(d)

G(εd)
−−−−→ G(d)

and

F (c)
F (ηc)
−−−−→ F ◦ (G◦F )(c) = (F◦G) ◦F (c)

εF (c)
−−−−→ F (c)

are identities.
One also says that one deals with an adjunction F ⊣G and refers to ε and η as the
counit and unit of the adjunction, respectively.
If F is both a left and a right adjoint of G, then it is called a two-sided adjoint and
the adjunction F ⊣G⊣F is called ambidextruous .

An equivalent definition can be given as follows:

Definition 1.128. Let C and D be categories. A functor F : C −→D is called left

adjoint to a functor G : D−→C if for any pair of objects c in C and d in D there is
an isomorphism

Φc,d : HomC(c,G(d))
∼=−−→ HomD(F (c), d)

of morphism sets with the following naturality property:

Given a pair of morphisms f : c′−→ c in C and g : d−→ d′ in D, form for every mor-
phism ϕ∈HomD(F (c), d) the composite

Hom(F (f), g)(ϕ) :=
(
F (c′)

F (f)
−−−→F (c)

ϕ
−−→ d

g
−→ d′

)
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in HomD(F (c
′), d′), and for every ψ ∈HomC(c,G(d)) the morphism

Hom(f,G(g))(ψ) :=
(
c′

f
−→ c

ψ
−−→G(d)

G(g)
−−−→G(d′)

)

in HomC(c
′, G(d′)). Then it is required that the diagram

HomC(c,G(d)) HomC(c
′, G(d′))

HomD(F (c), d) HomD(F (c
′), d′)

Hom(f,G(g))

Φc,d Φc′,d′

Hom(F (f),g)

commutes for all morphisms f, g.

Thinking of Hom(−,−) as a scalar product, this version of the definition ex-
plains the terminology “adjoint”.

Let us sketch the relation between the two Definitions 1.127 and 1.128 (we
encourage the reader to work out some details and refer for a proof to Chapter IV
of [Mac]):

(1) Let F ⊣G be adjoint functors, defined according to Definition 1.128. Then we
are in particular given isomorphisms

HomC(G(d), G(d))
∼=
−−→ HomD(F (G(d)), d)

and

HomD(F (c), F (c))
∼=
−−→ HomC(c,G(F (c)))

for all c∈C and all d∈D. The images of the identity morphisms on G(d) and
on F (c), respectively, under these isomorphisms are the components of natural
transformations

ε : F ◦G −→ idD and η : idC −→ G ◦ F .

These satisfy the relations for the unit and counit required in Definition 1.127.

(2) Conversely, we can recover the adjunction isomorphisms Φc,d from the natural
transformations ε and η by composing

HomC(c,G(d))
F
−−→ HomD(F (c), F (G(d))

(εd)∗−−−−→ HomD(F (c), d) ,

where (εd)∗ is the map that is obtained by post-composition with the morphism
εd : F ◦G(d)−→ d on the morphism set, and their inverses by

HomD(F (c), d)
G
−−→ HomC(G(F (c)), G(d))

η∗d−−→ HomC(c,G(d)) ,

with η∗d acting by pre-composition.

(3) A pair F ⊣G of adjoint functors is an equivalence of categories if and only if ε
and η are natural isomorphisms of functors.

Exercise 1.129. Use the Yoneda Lemma from Example 1.55 to show that for any
functor a left and right adjoint, respectively, is unique up to natural isomorphism
if it exists. (It even suffices to just determine either the unit or the counit of the
adjunction, see e.g. Remark 4.2.7 in [Ri2].)

This allows us to speak of the left (right) adjoint of a functor, provided that it
exists.

Exercise 1.130. Derive Lemma 1.90 from the statement in Exercise 1.129.
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Examples 1.131.

(1) The forgetful functor

U : Vect(K) −→ Set

which assigns to any K-vector space the underlying set has as a left adjoint the
functor

F : Set −→ Vect(K)

that associates to a set X the freely generated vector space on X , i.e. F (X) is
the K-vector space with basis X . To see that F is left adjoint to U , note that
for any set M and any K-vector space V we have an isomorphism

ΦM,V : HomSet(M,U(V )) −→ HomK(F (M), V ) ,

ϕ 7−→ ΦM,V (ϕ) ,

where ΦM,V (ϕ) is the K-linear map that is obtained by prescribing values in
V on the basis M of F (M) using ϕ and extending this prescription linearly:

ΦM,V (ϕ)
( ∑

m∈M

λmm
)
:=

∑

m∈M

λm ϕ(m) .

In particular, we find an isomorphism

HomSet(∅, U(V )) ∼= HomK(F (∅), V )

of sets for every K-vector space V . Thus HomK(F (∅), V ) has exactly one ele-
ment for any vector space V . This shows that F (∅)= {0}, i.e. the vector space
freely generated by the empty set is the zero-dimensional vector space, which
is the initial object (and hence, Vect(K) being abelian, the zero object) in the
category of vector spaces.

(2) More generally, freely generated objects are obtained as images under left ad-
joints of forgetful functors. It is, however, not true that every forgetful functor
admits a left adjoint. As a counterexample, take the forgetful functor U from
the category Field of fields to the category Set of sets. Suppose a left adjoint
of U exists; then the image K of the empty set under the left adjoint must be
a field such that for any other field L there is a bijection

HomField(K,L)
∼= HomSet(∅, U(L)) ∼= ⋆ ,

with ⋆ denoting the one-element set. Now any non-zero morphism of fields is
injective. As a consequence, a field K with this property would be a subfield
of any field L. Such a field does not exist.

Exercise 1.132. Recall the diagonal functor ∆ from Example 1.83. Show that
∆ has the coproduct (or direct sum) as a left adjoint and the product as a right
adjoint.

Example 1.133. Let R and S be rings and let φ : R−→S be a ring homomorphism.
As seen in Example 1.42(6), the pullback, or restriction of scalars, provides a functor

φ∗ : S-mod −→ R-mod .

Such a functor arises e.g. from a homomorphism ι : H −→G of groups when consid-
ering the group algebras R :=K[H ] and S :=K[G].

Let us compute its adjoint functors.
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(1) A left adjoint φ! : R-mod−→S-mod is obtained by defining it on objects as the
tensor product over R,

φ!(M) := S ⊗RM ,

where S is a right R-module by pullback along φ and where the left S-action
is given by left multiplication

s′. (s⊗m) := (s′s)⊗m.

On morphisms, we set

φ!(f) := idS ⊗R f .

The so defined functor φ! is called extension of scalars or induction.

To see that φ! is indeed left adjoint to φ∗, consider forM ∈R-mod andN ∈S-mod
the following two morphisms of abelian groups:

HomR(M,φ∗(N)) −→ HomS(S⊗RM,N) ,

f 7−→
(
s⊗m 7→ s.f(m)

)

and

HomS(S⊗RM,N) −→ HomR(M,φ∗(N)) ,

g 7−→
(
m 7→ g(1S ⊗m)

)
.

It is not hard to verify that these morphisms are mutually inverse, and that
they possess the naturality property from Definition 1.128 of adjoint functors.

(2) To obtain a right adjoint φ∗ : R-mod−→S-mod for the pullback functor φ∗, we
define a functor φ∗ on objects by

φ∗(M) := HomR(S,M) .

Here the ring S is regarded as a left R-module by pullback along the ring
homomorphism φ, whereby φ∗(M) becomes a left S-module by the right action
of S on itself: (s.ϕ)(s′) :=ϕ(s′s) for ϕ∈HomR(S,M). The functor φ∗ is called
coinduction.

Again we consider for M ∈R-mod and N ∈S-mod two morphisms of abelian
groups:

HomR(φ
∗(N),M) −→ HomS(N,HomR(S,M)) ,

f 7−→
(
n 7→ (s 7→ f(s.n))

)

and

HomS(N,HomR(S,M)) −→ HomR(φ
∗(N),M) ,

g 7−→
(
n 7→ g(n)(1S)

)
a .

It is not hard to check that these maps are mutually inverse.

Exercise 1.134. In general, the left and right adjoint of a functor are different,
even if both of them exist. However, for the case of group algebras of finite groups,
i.e. for R=K[H ] and S=K[G] with some group homomorphism ι : H −→G, the
map

HomR(S,M) −→ S ⊗RM ,

Φ 7−→
∑

g∈G g ⊗ Φ(g)

gives a natural transformation ι∗−→ ι! from coinduction to induction.

Show that if the field K has characteristic zero, then this natural transformation is
an isomorphism, so that we deal with an ambidextruous adjunction.
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Consider the special case G=Z2 =H with ι= id: Z2−→Z2 and K a field of charac-
teristic 2 to obtain an example in which the natural transformation ι∗−→ ι! from
coinduction to induction is actually zero.

Exercise 1.135. Let R and S be two rings, and let X be an (S,R)-bimodule.
Prove that the functor X⊗R− : R-mod−→S-mod is left adjoint to the functor
HomS(X,−) : S-mod−→R-mod.

This adjunction is often referred to as the tensor-Hom adjunction.

The tensor-Hom adjunction relates as follows to Example 1.133 as follows:
Any morphism φ : R−→S of rings makes S an (S,R)-bimodule by the prescription
s.s′.r := ss′φ(r) for all r∈R and all s, s′ ∈S. We denote this bimodule by Sφ. Then
the functor φ! from Example 1.133 coincides with Sφ⊗R−.

A crucial feature of left and right adjoint functors is the preservation of colimits
and limits, respectively. In fact, very often this is one of the main motivation for
trying to find a pair of adjoint functors. In order to state this important result, we
need to formalize what it means for a functor to preserve (co)limits.

Definition 1.136. A functor F : C −→D is called continuous if it preserves limits,
in the sense that for any limit Y of a diagram X in C, as exhibited by a cone
α : Y −→X , the map F (α) : F (Y )−→F (X) exhibits F (Y ) as a limit of the diagram
F (X) in D.
Dually, a functor preserving colimits is called cocontinuous .

Proposition 1.101 implies that a functor is already continuous if it preserves
products and equalizers.

Exercise 1.137. Prove that for any object X in a category C the Hom functor
Hom(X,−) : C −→Set is continuous.

Exercise 1.138. Prove that any equivalence between categories is continuous and
cocontinuous.

Theorem 1.139. Every left adjoint functor is cocontinuous. Every right adjoint
functor is continuous.

Proof. Let F : C −→D be a left adjoint to G : D−→C. Let X be a diagram in C
of shape I such that α : X −→Y exhibits Y ∈C as a colimit of X . We need to show
that F (α) : F (X)−→F (Y ) is a universal cocone to F (X). To see this, consider an
arbitrary cocone β : F (X)−→Z to F (X). The components βi : F (X(i))−→Z corre-
spond bijectively to morphisms β′

i : X(i)−→G(Z), since the adjunction F ⊣ G pro-
vides us with natural isomorphisms HomD(F (X(i)), Z)∼=HomC(X(i), G(Z)). By
naturality of these isomorphisms, the morphisms β′

i form a cocone β′ : X −→G(Z)
to X . Further, by universality of the cocone α : X −→Y there is a unique morphism
ϕ : Y −→G(Z) such that ϕ ◦α=β′. Again via the adjunction F ⊣ G, the morphism
ϕ : Y −→G(Z) corresponds to a morphism ϕ′ : F (Y )−→Z. This morphism is the
unique morphism satisfying F (α)ϕ′ =β.
The proves that F (α) : F (X)−→F (Y ) is universal, and hence that F preserves
colimits. The statement for right adjoints is obtained by dualization. �

Exercise 1.140. Use Theorem 1.139 to prove that the functor F from Set to
Vect(K) that sends a set X to the free vector space F (X) generated by X sends
disjoint unions to direct sums. That is, show that for any family (Xj)j∈J of sets
there is a natural isomorphism F (

⊔
j∈JXj)∼= ⊕j∈JF (Xj).
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Exercise 1.141. Show that right adjoint functors preserve monomorphisms, while
left adjoint functors preserve epimorphisms.

Hint: For the former statement, first use the universal property of pullbacks to
prove that a morphism f : X −→Y in a category C is a monomorphism if and only
if the square

X X

X Y

idX

idX f

f

is a pullback. Then invoke Theorem 1.139.

Example 1.142. In Exercise 1.135 we established that for two rings R and S and
an (S,R)-bimodule X , the functor X ⊗R− from R-mod to S-mod is left adjoint
to the functor HomS(X,−) : S-mod−→R-mod. By means of Theorem 1.139 this
provides us, without any computation, with canonical isomorphisms

X ⊗R
(⊕

j∈J

Yj

)
∼=
⊕

j∈J

(
X ⊗R Yj

)

for any family (Yj)j∈J of R-modules, and

HomS

(
X,
∏

j∈J

Zj

)
∼=
∏

j∈J

HomS(X,Zj)

for any family (Zj)j∈J of S-modules.
Consider now a short exact sequence

0 −→ A
ι
−−→ B

π
−−→ C −→ 0

of R-modules. Recall that this means that at each term in the sequence the image
of the incoming map coincides with the kernel of the outgoing map. Explicitly, we
have:

(1) ι is injective;

(2) π is surjective;

(3) the image of ι is the kernel of π (implying in particular π ◦ ι=0).

Now the sequence

(1.143) X ⊗R A −→ X ⊗R B −→ X ⊗R C −→ 0

induced by functoriality ofX ⊗R − is exact. (We express this by saying thatX⊗R−
is a right exact functor.)
To prove this claim we observe that the points (2) and (3) above can be rephrased
as the statement that C is the coequalizer of

A B .
ι

0

It follows that the sequence (1.143) is exact because X⊗R−, being a left adjoint,
preserves colimits.

Dually, HomS(X,−) sends a short exact sequence

0 −→ K −→ L −→M −→ 0
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of S-modules to an exact sequence

0 −→ HomS(X,K) −→ HomS(X,L) −→ HomS(X,M) ,

i.e. HomS(X,−) is a left exact functor.

Generally, X⊗R− will fail to be left exact, and HomS(X,−) will fail to be right
exact. This failure naturally leads to left derived tensor products and right de-

rived Hom spaces in homological algebra, also known as Tor and Ext. We refer to
Chapters 2 and 3 of [Wei] for details.
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CHAPTER 2

Tensor products, duals, and braidings

According to Example 1.58, a tentative definition of a topological field theory
is as a representation of a cobordism category Cob, that is, as a functor from Cob
to the category Vect of vector spaces. In the present chapter we start by outlining,
in Section 2.1, an approach to a specific class of quantum field theories which can
be interpreted as three-dimensional topological field theories – provided that a few
heuristic ideas about quantum field theory of which the approach makes much
use are properly translated into precise mathematical statements. Our attempt to
achieve such a translation will in particular unveil the limitations of the tentative
definition in Example 1.58. Specifically, we will see that it is far from sufficient to
think of Cob and of Vect just as plain categories and of a topological field theory just
as a plain functor between them. A necessary additional ingredient will be further
structures both on categories and on functors. Sections 2.2 – 2.7 are devoted to
introduce these further structures.

We are aware of the danger that, while the heuristic considerations in Section
2.1 may appeal to part of the readership, other readers might feel lost. In case this
happens, the desperate reader should not hesitate to disregard Section 2.1 entirely
and jump forward to Section 2.2 at any time.

2.1. Beyond TFT as a functor – a motivation

In this Section we present a concrete class of quantum field theoretic models,
standard features of which are the physical notions of field configurations and of
gauge symmetry. In the first place, these notions arise at a heuristic level. Our
aim in the sequel is to formulate these models in a precise manner so that they
become amenable to rigorous mathematical reasoning. This goal will eventually be
accomplished in Chapter 4. The way to this achievement will be paved by gathering
various further categorical tools.

For concreteness, we will deal with models formulated in three dimensions.
However, it is essential to take not only three-dimensional manifolds into consider-
ation, but lower-dimensional ones as well.

We structure our discussion into a sequence of statements that can be regarded
as (a toy version of) principles of quantum field theories. In this setting, K is taken
to be the field C of complex numbers. We begin with the basic input data.

Principles of field theory 2.1.

(1) Let G be a finite group, and letM be a compact oriented manifold of dimension
1, 2 or 3, possibly with boundary. A concrete model for the ‘space’ A(M) of

field configurations on M is provided by the category

A(M) := BunG(M)

59
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of principalG-bundles. In this context it is appropriate to think about aG-bun-
dle as a solution to some ‘equation of motion’. The existence of (iso)morphisms
between bundles can be interpreted as indicating that the bundles overpara-
metrize such solutions.

(2) One might thus be tempted to work instead with isomorphism classes of bun-
dles. This would, however, preclude the possibility to build global solutions
from local ones. Indeed, keeping a redundant parametrization of solutions to-
gether with the required identifications is indispensable for attaining locality in
a gauge theory. The notion of locality is intimately linked with another aspect
of bundles. Namely, a bundle on a manifold can be glued together from bundles
on an open cover and transition functions on intersections of open sets in the
cover. (In a special case, this will be stated in Proposition 4.64.) In this sense,
bundles are local. Technically speaking, they satisfy descent. Locality is a cru-
cial ingredient in many approaches to (quantum) field theory. A more precise
discussion of the gluing of bundles and its relation with locality is beyond the
level of this introductory text.

(3) The field configurations BunG(M) form a category rather than a set – this is
the reason why in (1) we have put the term ‘space’ in quotation marks. In
fact, as seen in Exercise 1.33, BunG(M) is even a groupoid. The morphisms
of the groupoid BunG(M) account for the redundancy that is present when
using bundles; in physics terminology, they constitute the gauge transforma-

tions of the field configurations. This way the language of categories allows us
to systematically incorporate gauge transformations in quantum field theoretic
models.

(4) A further piece of data needed to specify a model is a function

S(M) : A(M) −→ C

on the objects of the groupoid of field configurations. This function is the
(topological) action of the model.

(5) According to the principle of equivalence which we formulated in Remark 1.61,
the decisive aspects of a model should not change if we replace the groupoid of
field configurations by an equivalent one.

We therefore require that the action functional S is gauge invariant, i.e. that
it is constant on isomorphism classes in A(M). This requirement guarantees
that S(M) amounts to a function on the set of isomorphism classes of A(M),
and hence makes sense on any equivalent model of A that we may decide to
choose.

Remark 2.2. The finite group G, i.e. the structure group of the principal bun-
dles that we consider, can be regarded as a variant of a compact Lie group; we
restrict our attention to finite groups in order to avoid technical difficulties. For a
compact Lie group, the groupoid of G-bundles should be replaced by the groupoid
A(M) :=Bun∇G(M) of G-bundles with connection – or, in physics terminology: of
G-bundles with a gauge field. (For a finite group, all connections are automatically
flat, so this definition indeed extends the previous one for finite groups.) Analo-
gously as in the case of a finite group, one can still specify a gauge invariant action
functional S : Bun∇G(M)−→C. If the action S can be written as an integral overM ,
then the integrand is called the Lagrangian (or Lagrangian density) of the model.
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A specific type of action can often only be formulated for manifolds of a particular
dimension. If the manifold M is three-dimensional, a valid possibility is to take the
Chern-Simons action

SCS(M) =
k

4π

∫

M

tr (A ∧ dA+
2

3
A ∧ A ∧ A) ,

where A is a connection one-form on M that takes values in a simple finite-dimen-
sional Lie algebra g and k is a positive integer, called the level. For details, see
e.g. [Wit], [Fr1] and [Koh, Ch. 2.5].
On the other hand, actions that can be defined for manifolds of arbitrary dimension
typically require further structure on the manifold, like a metric. A metric is e.g.
needed for formulating the gauge theories based on principal bundles with connect-
ion and with continuous structure group, like Yang-Mills theories or other gauge
theories in particle physics; these differ in many respects from the finite gauge
theories considered here.

We next analyze how, on the basis of physical principles, we can obtain mathe-
matical structures of the type that appear in the Tentative Definition of a topologi-
cal field theory in Example 1.58. The basic idea is to obtain an invariant Z(M) for a
closed oriented three-dimensional manifold M – in physics terminology, a partition

function – by integrating over all field configurations Φ∈A(M):

(2.3) Z(M) := “
∫

A(M)

dΦ eiS[Φ] ”.

This formula involves a path integral which, in general, only has a heuristic meaning.
When trying to obtain an accurate replacement for the heuristic formula (2.3), it
would be a bad idea to define a measure by simply counting field configurations.
Rather, the measure must account for the fact that field configurations form a cate-
gory and that equivalent categories need not have the same number of objects. (It
is not hard to find two equivalent categories for one of which the number of objects
is finite while for the other it is infinite.)

A reasonable measure should instead count isomorphism classes, possibly amen-
ded by some suitable weighting factor. As we will explain in Section 4.1, when
dealing with bundles with finite structure group over compact manifolds, one can
indeed specify a suitable counting measure, namely the groupoid cardinality. Here-
by the formal path integral expression reduces to a well-defined finite sum; this is
spelled out in Proposition 4.6.

To formulate our gauge theoretic models in terms of a cobordism category
Cobd,d−1, as needed in order to fit with the considerations in Example 1.58, it is
crucial to admit manifolds with non-empty boundary. The role of manifolds with
boundary comprises the following issues:

Principles of field theory 2.4.

(1) LetM be an oriented three-manifold with two-dimensional boundary Σ := ∂M .
Select a boundary field configuration φ∈A(Σ) and consider the space

(2.5) A(M,φ) := {Φ∈A(M) |Φ
∣∣
Σ
=φ }

of all fields Φ on M that restrict to the prescribed boundary value φ on the
boundary. In the case of bundles, this is again a category, with morphisms
given by the gauge transformations that are the identity on the boundary Σ.
This step uses the fact that the restriction of fields along the embeddingΣ−→M
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furnishes a functor A(M)−→A(Σ). Note that the possibility to restrict – or,
more generally, pull back – field configurations appears as a key feature here.
(Formalizing the behavior of such pull back functors of the groupoids of field
configurations leads to the notion of a stack. Here we refrain, however, from
using the language of stacks. For pertinent information, see e.g. [Hei].)

(2) Once we have specified boundary values φ of the field, we can more seriously
think about performing a path integral over the fields. Accordingly, we intro-
duce, still at a heuristic level, the complex number

Z(M)φ := “
∫

A(M,φ)

dΦ eiS[Φ] ”.

This way every three-manifold M with boundary Σ provides an assignment

ψM : A(Σ) −→ C ,

φ 7−→ Z(M)φ .

(3) The principle of gauge invariance stipulates that the value of the assignment
ψM should be constant on isomorphism classes in A(Σ). We are thus led
to assign to a manifold Σ of codimension one in M the vector space HΣ of
functions on A(Σ) constant on isomorphism classes. HΣ is called the state

space of Σ, and its elements are referred to as states or (in particular, in the
physics literature) wave functions. Thus every three-manifold M with boun-
dary Σ specifies a wave function in the state space HΣ .

(4) In case Σ is a disjoint union of two-manifolds, Σ=Σ1 ⊔Σ2, then we know from
Exercise 1.64 that A(Σ)≃A(Σ1)×A(Σ2) for the corresponding categories of
bundles, and hence the set of isomorphism classes of A(Σ) is a Cartesian prod-
uct

π0(A(Σ)) ∼= π0(A(Σ1))× π0(A(Σ2))

of those of A(Σ1) and A(Σ2). Since the free vector space on a Cartesian pro-
duct X ×Y is the tensor product of the free vector spaces on X and Y , this
implies that the state spaces assigned to the manifolds are related by

(2.6) HΣ ∼= HΣ1 ⊗HΣ2 .

We conclude that in a topological field theory the assignment of vector spaces
to codimension-1 submanifolds should be compatible with the disjoint union
and the tensor product.

(5) The situation naturally extends to morphisms in Cob3,2, i.e. to cobordisms
M : Σ−→Σ′: To a cobordism M we wish to associate a linear map

Z(M) : HΣ −→ HΣ′ .

We describe the map Z(M) through numbers Z(M)φ,φ′ for any pair of pre-
scribed boundary values φ∈A(Σ) and φ′ ∈A(Σ′). Heuristically, the number
Z(M)φ,φ′ is given by a path integral

Z(M)φ,φ′ := “
∫

A(M,φ,φ′)

dΦ eiS[Φ] ”

where A(M,φ, φ′) is the space of field configurations on M that restrict to the
field configuration φ on the incoming boundary Σ and to the field configuration
φ′ on the outgoing boundary Σ′. The numbers Z(M)φ,φ′ are called transition

amplitudes, or also the matrix elements of Z(M).
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(6) The linear maps Z(M) must be compatible with gluing of cobordisms along
boundaries. This requirement is implemented by stipulating that Z is a functor
from Cob3,2 to the category of vector spaces.

(7) Admitting the presence of boundaries allows us to reverse the process of gluing
cobordisms. Indeed, one fruitful technique in topology is to study aspects of a
closed three-manifold M by cutting it up into several simpler three-manifolds
with boundary.
In particular, obtaining the invariant forM is in this way reduced to computing
the invariants for those simpler pieces. Put differently, information about a
manifold M can be inferred from information about simple manifolds from
which M can be obtained by gluing, and about the specific way of gluing.

Remark 2.7. By gluing two handlebodies P and Q of the same genus by an ori-
entation reversing homeomorphism f from the boundary of P to the boundary of
Q one obtains a compact oriented three-manifold M =P ∪f Q. This is called a
Heegard splitting of M . Every closed orientable three-manifold can be obtained in
this manner. A given three-manifoldM can admit Heegard splittings with different
values of the genus g; the minimal possible value of g is called the Heegard genus
of M .

Heegard splittings are special cases of handle decompositions, which exist for man-
ifolds of any dimension. A handle decomposition of an d-dimensional manifold is a
finite ascending chain

∅ =M−1 ⊂M0 ⊂M1 ⊂M2 ⊂ · · · ⊂Mm−1 ⊂Mm =M

of d-manifolds (possibly with boundary) Mi such that each Mi is obtained from
Mi−1 by attaching one out of a set of standard manifolds with boundary, called
handles. For details we refer to [GomP,Mat].

Exercise 2.8. Show that the three-sphere S3 can be obtained by gluing handle-
bodies of genus 1, as well as by gluing handlebodies of genus 2.

Remark 2.9. An obvious question is whether this process of decomposing mani-
folds can be iterated, i.e. whether a codimension-1 manifold can be chopped again
into smaller pieces, thereby introducing codimension-2 manifolds into the picture.
Including manifolds of codimension 1 amounts to a two-layered structure and thus
leads naturally to categories. The next step requires a three-layered structure, and
thus bicategories, for an appropriate discussion. This issue will be addressed in
Chapter 5.

As we want to be able to consider the gluing of disjoint manifolds, the topolog-
ical field theory Z must assign, in a controlled manner, quantities also to disjoint
unions of manifolds. And as seen in formula (2.6), for a disjoint union of two-
manifolds the relevant structure is the tensor product of vector spaces. Moreover,
with respect to the tensor product, the ground field K, as a vector space over itself,
is distinguished by the fact that, canonically, K⊗V ∼=V , i.e. K behaves as a unit
for the tensor product. Altogether this suggests that our model should supply us
with suitable vector spaces and be compatible with their tensor product and with
the existence of a unit in an appropriate sense. This requirement naturally leads
to the notion of a monoidal category, which will be introduced in Section 2.2.

Author's preliminary version made available with permission of the publisher, the American Mathematical Society



64 2. TENSOR PRODUCTS, DUALS, AND BRAIDINGS

Example 2.10. For any finite group G an example of a d-dimensional topological
field theory is obtained by taking the simplest choice of an action one may think
of, namely S[P ] := 0 for every G-bundle P ∈A(M)=Bun∇G(M).

There is also a richer variant, which makes in addition use of group cohomol-

ogy, and which constitutes a useful toy example for studying topological terms in
quantum field theory. (Readers unfamiliar with this notion may wish to skip the
following Example in a first reading; for an introduction to group cohomology see
e.g. Chapter 6 of [Wei].)

Example 2.11. Consider as a Lagrangian a d-cocycle ω∈Zd(G,K×) in group co-
homology with coefficients in the group K× of units of the field K. The integration
that yields the corresponding action Sω can then be described as follows.
A crucial ingredient is the classifying space BG of the group G; this is, by defini-
tion, a connected CW-complex whose fundamental group is G and whose higher
homotopy groups are all trivial. The space BG comes with a principal G-bundle
EG−→BG with contractible total space EG that has the universal property that
for any principal G-bundle P over some manifold M there is a map f : M −→BG,
uniquely determined up to homotopy, that satisfies f∗EG∼=P : see e.g. Chapter
4.13 of [Hus]. One calls f a classifying map for the principal G-bundle P .
The d-cocycle ω on G can equivalently be described as a singular cocycle on the
classifying space BG of G. For any classifying map f : M −→BG for a G-bundle
P over M , the pullback f∗ω of ω along f is a d-cocycle on M . The action Sω is
then given by evaluation on the fundamental class µM ∈Zd(M ;Z); this yields the
number

Sω[P ] := 〈f
∗ω, µM 〉 ∈ K

×.

The cocycle ω may be regarded as a d-dimensional discrete variant of the Chern-
Simons action that was mentioned in Remark 2.2; see [FrQ] for a more detailed
discussion.

The groupoid BunG(S1) of G-bundles over the circle which, as explained in Example
1.74, is (non-canonically) equivalent to the groupoid G//G, can also be described
more invariantly as the fundamental groupoid of the space of continuous maps from
the circle to the classifying space BG.

2.2. Monoidal categories

A major problem with our Tentative Definition in Example 1.58 of a topological
field theory is that it neglects crucial structure that the two categories involved
possess: the tensor product of vector spaces and the disjoint union of manifolds.

We improve the situation by taking this structure into account. To this end we
would like to formalize the notion of tensor product in such a way that it makes
sense also for more general categories C than Vect. This is achieved by endowing C
with the additional structure of a functor

⊗ : C × C −→ C ,

from the Cartesian product of C with itself to C, which is then called a tensor
product functor, or simply a tensor product, on C.

A tensor product functor associates to any pair (V,W ) of objects an ob-
ject V ⊗W , and to any pair (f, g) of morphisms a morphism f ⊗ g with source
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and target given by the tensor products of the source and target objects, i.e.
f⊗g : V⊗W −→V ′⊗W ′ for f : V −→V ′ and g : W −→W ′.

Since ⊗ is by definition required to be a functor, we have

idV⊗W = idV ⊗ idW

as well as the interchange law

(2.12) (f ′ ⊗ g′) ◦ (f ⊗ g) = (f ′ ◦ f) ⊗ (g′ ◦ g)

for any two pairs of composable morphisms.
In order to be deservedly called tensor product, the functor ⊗ should be de-

manded to be associative and unital. However, in line with the general principle
that it is typically unwise to require equality of objects, as well as with the principle
of equivalence, we should better not require associativity and unitality strictly, but
rather only up to coherent natural isomorphism. In the case of vector spaces, there
is indeed a reason why the two functors

⊗◦ (id×⊗) and ⊗◦ (⊗× id) : C ×C ×C −→ C

are isomorphic. Namely, for all vector spaces U , V , W and X , each of the spaces
HomVect((U ⊗V )⊗W,X) and HomVect(U ⊗ (V ⊗W ), X) is in canonical bijection
with the space of trilinear maps from the Cartesian product U ×V ×W to X .
These identifictions furnish a distinguished isomorphism

a : ⊗◦ (id×⊗) −→ ⊗◦ (⊗× id) ,

which turns out to be natural. Analogously, also in the general case, instead of
imposing a strict equality (U ⊗V )⊗W =U ⊗ (V ⊗W ) for all triples of objects U ,
V and W in a category C with a tensor product functor ⊗, it is natural to require
the existence of isomorphisms

aU,V,W : (U ⊗ V )⊗W
∼=
−−→ U ⊗ (V ⊗W )

(subject to certain natural consistency conditions) and take these isomorphisms as
an additional part of the structure. The precise behavior of the natural isomor-
phisms aU,V,W is explained in the following

Definition 2.13. A monoidal category consists of a category (C,⊗) with tensor
product, an object 1∈C, called the monoidal unit , and natural isomorphisms

a : ⊗ ◦ (⊗× id)
∼=
−−→ ⊗ ◦ (id×⊗)

of functors C ×C ×C −→C and

r : id⊗ 1 −→ id and l : 1⊗ id −→ id

of functors C −→C such that the following relations are satisfied:
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• The pentagon axiom:
For every quadruple of objects U, V,W,X ∈Obj(C) the diagram

(U ⊗V )⊗ (W ⊗X)

((U ⊗V )⊗W )⊗X U ⊗ (V ⊗ (W ⊗X))

(U ⊗ (V ⊗W ))⊗X U ⊗ ((V ⊗W )⊗X)

aU,V,W⊗X

aU,V,W⊗idX

aU⊗V,W,X

aU,V ⊗W,X

idU⊗aV,W,X

commutes.

• The triangle axiom:
For every pair of objects V,W ∈Obj(C) the diagram

(V ⊗ 1)⊗W V ⊗ (1⊗W )

V ⊗W

aV,1,W

rV ⊗idW idV ⊗lW

commutes.

A monoidal category is called strict if the natural transformations a, l and r are
identities.

Remarks 2.14.

(1) Instead of ‘monoidal category’, also the term tensor category is in use. We avoid
this terminology because in the literature it can instead also refer to monoidal
categories with (varying types of) additional structure. The monoidal unit 1
is also called the tensor unit, or also the unit object.

(2) The natural isomorphism a is called the associator , or associativity constraint ,
of C, and l and r are called the left and right unitors , or unit constraints ,
respectively.

(3) By the definition of a natural transformation, the associator a has as compo-
nents for every triple U, V,W of objects an isomorphism

aU,V,W : (U ⊗ V )⊗W −→ U ⊗ (V ⊗W )

such that all diagrams of the form

(U ⊗ V )⊗W U ⊗ (V ⊗W )

(U ′ ⊗ V ′)⊗W ′ U ⊗ (V ⊗W )

(f⊗g)⊗h

aU,V,W

f⊗(g⊗h)

a
U′,V ′,W ′

commute.

(4) A monoidal category can be regarded as a higher analogue of an associative,
unital monoid, hence the qualification “monoidal”. The associator a is, how-
ever, a structure, rather than a property. A property is imposed at the level of
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natural transformations, in the form of the pentagon axiom. For a given cate-
gory C and a given tensor product ⊗, there can exist inequivalent associators;
a simple illustration will be given in Example 2.47.

(5) The pentagon axiom guarantees that any two isomorphisms that are paths be-
tween two given objects in a formal diagram with morphisms built only from
associators and unit constraints are equal or, in other words, that any change of
the bracketing in a multiple tensor product is realized by a unique isomorphism
built from associators and unitors. This result is known as MacLane’s coher-
ence theorem. We refer to [Mac, Ch.VII.2] for a detailed exposition, including
the precise notion of formal diagram.

Examples 2.15.

(1) The category of vector spaces over a fixed field K is a monoidal category. It
is not strict, however: the vector spaces (U ⊗V )⊗W and U ⊗ ((V ⊗W ) are
defined by different universal properties and are thus merely isomorphic rather
than identical.

In linear algebra classes, it is common practice to tacitly replace the non-strict
monoidal category of vector spaces by an equivalent strict monoidal category.
This is justified by the strictification result described in Remark 2.46.

(2) Let C be a small category. The endofunctors

F : C −→ C

are the objects of a strict monoidal category, denoted by End(C). The mor-
phisms in End(C) are natural transformations, and the tensor product is com-
position of functors.

(3) There are two obvious monoidal structures on the category Set of sets. For
the first, the tensor product is given by disjoint union and the monoidal unit
is the empty set. For the second, the tensor product is given by the Cartesian
product and the monoidal unit is the set with one element.

(4) For each d≥ 1, the category Cobd,d−1 can be endowed with the structure of a
monoidal category. The tensor product

⊗ : Cobd,d−1 × Cobd,d−1 −→ Cobd,d−1

is given by disjoint union ⊔ . The unit object of Cobd,d−1 is the empty set ∅,
regarded as a smooth manifold of dimension d−1.
(For the case d=0, i.e. the category Cob1,0, we have encountered the disjoint
union already in our motivating Example 1.1.)

(5) For G a group, the category VectG(K) of G-graded K-vector spaces described
in Example 1.5(5), i.e. of K-vector spaces with a direct sum decomposition

V =
⊕

g∈G

Vg ,

is monoidal. The tensor product V ⊗W in VectG(K) is G-bi-graded, i.e. de-
composes as a direct sum as V ⊗W =

⊕
g,h∈GVg ⊗Wh; it becomes G-graded

by writing

V ⊗W =
⊕

g∈G

(⊕

h∈G

Vh⊗Wh−1g

)
.
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Together with the associativity constraint inherited from Vect(K), and with
Ke, i.e. the ground field K in homogeneous degree e∈G, as the tensor unit,
VectG(K) is a monoidal category.

(6) For the considerations in (5), inverses in G are not needed. Thus we could also
consider vector spaces graded by any unital associative monoid.

(7) Let A be an algebra over a field K. The category A-Bimod of A-bimodules
has A-bimodules as objects and bimodule maps as morphisms. A monoidal
structure on A-Bimod is given by the relative tensor product over A. In more
detail, in the monoidal product M ⊗AN of two A-bimodules M and N the
right A-action on M and the left A-action on N are used to form the relative
tensor product, while the left A-action on M and the right A-action on N
endow M ⊗AN with the structure of an A-bimodule. The monoidal unit of
A-Bimod is the regular A-bimodule, i.e. the vector space A with both left and
right action given by the multiplication.

Remark 2.16. There is no tensor product of infinite-dimensional Hilbert spaces.
More precisely, the category of Hilbert spaces and continuous linear maps does
not admit a tensor product. Indeed, while setting 〈v⊗w, v′⊗w′〉 :=〈v, v′〉 〈w,w′〉
endows the algebraic tensor product V ⊗alg.W of two Hilbert spaces V andW with
an inner product and the completion of V ⊗alg.W with respect to the associated
norm is again a Hilbert space, the so obtained Hilbert space does not possess the
universal property of a tensor product of vector spaces. For more details see [Gar]
and also Example 4.28 of [Lim].

Graphical Description 2.17. Any strict monoidal category admits a graphi-
cal calculus for its morphisms that extends the basic string diagrams that were
presented in Graphical Description 1.16. For a non-strict monoidal category C,
the graphical calculus becomes available after replacing C with an equivalent strict
monoidal category, thereby invoking the strictification result to be stated in Remark
2.46. (Also, while strictness is assumed in the graphical description of any single
morphism, for an equality between morphisms, the associator and unitors can be
restored unambiguously from the equality between the respective string diagrams,
so this information is not lost when expressing the equality diagrammatically.)

A salient feature of the graphical calculus for categories as given in Graphical De-
scription 1.16 is that it is intrinsically one-dimensional : owing to associativity of
the composition, what matters is only the linear order of coupons that are inserted
along a string. To be able to account for the tensor product, we need to draw the
diagrams instead on a “canvas” that is two-dimensional or, more concretely, on
some region in the plane, say a rectangle, as indicated by the dashed lines in the
following picture:

(2.18)

X

Y

f

Author's preliminary version made available with permission of the publisher, the American Mathematical Society



2.2. MONOIDAL CATEGORIES 69

For all the pictures below, the canvas will be such a rectangle, but it will be sup-
pressed throughout. We continue to allow for the local move (1.18), in which
vertically adjacent coupons in a string diagram are concatenated. Just like that
move is made possible by the existence of a composition map, the existence of the
tensor product, together with the presence of a second dimension, now allows us
to define another local move in which a pair of horizontally juxtaposed coupons is
combined to a single coupon:

X1

Y1

g1

X2

Y2

g2 =

X1⊗X2

Y1⊗Y2

g1⊗g2

Also, indicating the identity endomorphism of the monoidal unit 1 by a dashed
line, strictness of 1 amounts to the equalities

1

1

X

Y

f =

X

Y

f =

X

Y

f

1

1

Accordingly, omitting a line labeled by the monoidal unit from a string diagram
does not alter its meaning. This is sometimes expressed by saying that in a string
diagram the monoidal unit is transparent, or also invisible.

It is often convenient to depict strings as curved rather than straight lines. When
doing so, one implicitly agrees on the rule that the categorical interpretation of a
string diagram remains unchanged under progressive planar isotopy. That is, strings
can be smoothly deformed arbitrarily, as long as – as indicated by the qualification
progressive – when proceeding from bottom to top (and, technically, after shrinking
each coupon to a point), the tangent vector to a string always has a positive upwards
component. (Using the concept of an upwards component, we implicitly regard the
canvas, i.e. the rectangle in (2.18), as being 2-framed.) String diagrams that are
related this way are to be considered as identical; as an illustration, we identify

(2.19)
f

≡
f

≡ f ≡
f
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A precise formal statement of these identifications is given e.g. in Theorem 1.2
of [JS1] and Theorem 3 of [Sel]. As one consequence of this rule, we note that the
string diagram description of the interchange law (2.12) looks like

X ⊗Y

X ′′⊗ Y ′′

f ⊗ g

f ′⊗ g′

X′ ⊗Y ′ =

X

X ′′

f

f ′

X′

Y

Y ′′

g

g′

Y ′

(2.19)
=

X

X ′′

f

f ′

Y

Y ′′

g

g′
=

X

X ′′

f ′ ◦ f

Y

Y ′′

g′ ◦ g

(2.19)
=

X

X ′′

f ′ ◦ f

Y

Y ′′

g′ ◦ g

2.3. Bialgebras

Recall that an associative unital algebra over a field K is a triple (A, µ, η)
consisting of a vector space A, an associative multiplication map µ : A⊗A−→A and
a unit map η : K−→A. Also recall, from Definition 1.15, the example of a group
algebra. Group algebras admit also further structure, which can be formalized as
follows.

Definition 2.20.

(1) LetK be a field. A (counital, coassociative) coalgebra overK is a triple (C,∆, ε),
consisting of a K-vector space C and two K-linear maps, the coproduct (or
comultiplication)

∆ : C −→ C ⊗C

(with ⊗≡⊗K the tensor product of K-vector spaces) and the counit

ε : C −→ K ,

that satisfy

(∆⊗ idC) ◦∆ = (idC ⊗∆) ◦∆

(coassociativity) and

(ε⊗ idC) ◦∆ = idC = (idC ⊗ ε) ◦∆

(counitality).

(2) Given a coalgebra (C,∆, ε), the coopposite coalgebra Ccopp is the coalgebra
(C,∆copp, ε) with coproduct ∆copp := τC,C ◦∆, where

(2.21) τC,C : c⊗ c′ 7−→ c′⊗ c

is the flip map, i.e. the endomorphism of C ⊗C that exchanges the two tensor
factors.
A coalgebra is called cocommutative if ∆copp=∆.

(3) A coalgebra map between coalgebras C and C′ is a linear map

ϕ : C −→ C′
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between the underlying vector spaces such that the equalities

∆′ ◦ ϕ = (ϕ⊗ϕ) ◦∆ and ε′ ◦ ϕ = ε

hold.

Graphical Description 2.22.

We depict the comultiplication graphically as

C C

C

∆ =:

C

C C

and the counit as

C

K

ε =:

C

K

≡

C

Then the coassociativity and the counit conditions read (omitting the obvious labels
C, ∆ and ε)

=

and

= =
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respectively. And the defining equalities of a coalgebra map ϕ : C −→C′ look like

C

∆′

C′ C′

ϕ

=

C

∆

C′ C′

ϕ ϕ

and

C

ε′

ϕ =

C

ε

We can think of these pictures as string diagrams in the monoidal category of
K-vector spaces. Actually, as string diagrams they make sense for any other mono-
idal category as well, and indeed one can define algebras (A, µ, η) and coalgebras
(C,∆, ε) in any monoidal category, with the monoidal unit taking over the role of
the field K in the unit and counit maps, and the categorical tensor product taking
over the role of ⊗K in the multiplication and comultiplication maps.

Example 2.23. Let S be any set. Denote byK[S] the freeK-vector space with basis
S. This vector space becomes a counital coassociative coalgebra with coproduct
given by the diagonal map ∆(s) := s⊗ s and counit given by ε(s)= 1 for all s∈S.
The so obtained coalgebra K[S] is cocommutative.
In particular, for any groupG the group algebraK[G] is a cocommutative coalgebra.

Example 2.24. A Lie algebra g over a field K is a K-vector space equipped with
a bilinear map

g× g −→ g , (x, y) 7−→ [x, y] ,

called the Lie bracket, that is antisymmetric, i.e. obeys [x, y] =−[y, x], and satisfies
the Jacobi identity

[x, [y, z]] + [y, [z, x]] + [z, [x, y]] = 0 .

A morphism of Lie algebras is a linear map respecting the Lie bracket.
For any associative K-algebra A with product “·” one obtains the structure of a Lie
algebra Lie(A) on the vector space underlying A by defining the Lie bracket to be
given by the commutator, i.e.

[a, b] := a · b− b · a .

This provides a functor Lie from the category of (unital) associative algebras to the
category of Lie algebras. The functor Lie admits a left adjoint U which assigns to
a Lie algebra g an associative unital algebra U(g), called the universal enveloping
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algebra of g. By the definition of a left adjoint, morphisms from U(g) into any
associative algebra A are given by morphisms g−→Lie(A) of Lie algebras.

One can thus define a comultiplication on the algebra U(g) via the morphism
g−→Lie(U(g)⊗U(g)) of Lie algebras that is given by x 7−→x⊗ 1+1⊗x. (The reader
should check that this is indeed a morphism of Lie algebras.) A counit for this co-
product is obtained by the algebra morphism U(g)−→K that is given by the Lie
algebra map x 7−→ 0. This prescription endows the universal envoloping algebra of
any Lie algebra with the structure of a cocommutative coasssociative coalgebra.

Example 2.25. An algebra in the strict monoidal category End(C) of endofunctors
of a category C (see Examples 2.15(2)), with composition of functors as the monoidal
product, is called a monad on C. Every adjunction of functors gives rise to a monad.
Indeed, with the terminology and notation for adjunctions introduced in Definition
1.127, the composite A :=G ◦F of the functors F : C −→D and G : D−→C is an
endofunctor of C, while the unit η of the adjunction gives a morphism from the
identity endofunctor, i.e. the monoidal unit of End(C), to the object A. Further,
A is equipped with a multiplication A ◦A=G ◦F ◦G ◦F −→G ◦F by using the
horizontal composition the counit ε : F ◦G−→ idD of the adjunction. One can show
that every monad can be obtained from an adjunction, albeit the adjunction is
typically not uniquely determined by the monad.
For further information on monads see e.g. Chapter 5 of [Ri2] and Section 20 of
[AdHS]. It is also worth mentioning that in part of the literature, modules over a
monad T are called algebras over T .

Exercise 2.26. Let K be a field and A a be K-algebra. Show that the forgetful
functor from the category A-mod of A-modules to vector spaces and its left adjoint
on the one hand, and the forgetful functor from the category A-modfree of free (or
induced) A-modules to vector spaces and its left adjoint on the other, induce the
same monad on the category Vect(K).

Remarks 2.27.

(1) The counit is uniquely determined (if it exists).

(2) The following short-hand notation, due to Heyneman and Sweedler, is fre-
quently called Sweedler notation. Let (C,∆, ε) be a coalgebra. For any element
x∈C one can find finitely many elements x′i ∈C and x′′i ∈C such that

∆(x) =
∑

i

x′i ⊗ x
′′
i .

We rewrite this expression by dropping summation indices and even omit the
sum, according to

∆(x) =
∑

(x)

x(1) ⊗ x(2) ≡ x(1) ⊗ x(2) .

In Sweedler notation, the counitality axiom reads

ε(x(1))x(2) = x = ε(x(2))x(1)

for all x∈C, while cocommutativity becomes

x(1)⊗x(2) = x(2)⊗x(1)
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for all x∈C.
Finally, coassociativity reads

(x(1))(1) ⊗ (x(1))(2) ⊗ x(2) = x(1) ⊗ (x(2))(1) ⊗ (x(2))(2)

for all x∈C; we abbreviate this element also as x(1)⊗ x(2)⊗ x(3).

Given a K-algebra (A, µ, η) with product

µ : A⊗A −→ A , (a, b) 7−→ a ∗ b

and unit η : K−→A, the tensor product vector space A⊗A is naturally an algebra,
with product

(a⊗ b) ∗ (c⊗ d) := (a ∗ c)⊗ (b ∗ d)

for a, b, c, d∈A, and with unit η⊗ η : K≡K⊗K−→A⊗A.
From now on we equip A⊗A with this algebra structure, unless stated other-

wise. Also, we regard K as an algebra, by multiplication of scalars.

Definition 2.28. A bialgebra A over a field K is an algebra (A, µ, η) over K that
also comes equipped with the structure of a coalgebra, in such a way that the
coproduct ∆: A−→A⊗A and the counit ε : A−→K are morphisms of algebras,
that is,

∆ ◦ µ = (µ⊗µ) ◦ (idA⊗ τA,A⊗ idA) ◦ (∆⊗∆)

and

ε ◦ µ = ε⊗ ε ,

as well as

∆ ◦ η = η ⊗ η and ε ◦ η = id
K
.

Remark 2.29. Equivalently, a bialgebra is a coalgebra equipped with the addi-
tional structure of an algebra such that the product and unit are morphisms of
coalgebras.

Graphical Description 2.30. We depict the comultiplication and counit as in
Graphical Description 2.22 and analogously the multiplication and unit of the al-
gebra structure of H by

H H

H

µ =

H H

H

and

K

H

η =

H

Then the string diagrams for the bialgebra axioms are as follows. The compatibility
requirement between multiplication and comultiplication reads (omitting again all
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obvious labels)

= τA,A

Those involving the unit and/or counit read

=

and

= and =

Again we can regard these pictures as string diagrams in the monoidal category of
K-vector spaces. In contrast, for a generic monoidal category there is no analogue of
the flip map (2.21). Accordingly, in a generic monoidal category one cannot define
the notion of a bialgebra. Rather, this is only possible in monoidal categories that
are endowed with a braiding, an additional structure to be introduced in Section
2.7.

Exercise 2.31. Show that for any group G, the group algebra K[G] with its coal-
gebra structure from Example 2.23 is a bialgebra.

Exercise 2.32 (Taft algebra). Let ζ be a complex Nth root of unity with N ≥ 2.
Consider the N2-dimensional algebra HN over C that is generated by two elements
g and x subject to the relations

gN = 1 , xN = 1 and xg = ζgx .

Show that by setting

∆(g) := g⊗ g , ∆(x) := 1⊗x+ x⊗ g

and
ε(g) := 1 , ε(x) := 0

one obtains well-defined algebra morphisms ∆: HN −→HN ⊗HN and ε : HN −→C,
and that these maps endow HN with the structure of bialgebra.
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Theorem 2.33. Let A be a bialgebra over a field K.

(1) Let V and W be A-modules, with underlying vector spaces V̇ and Ẇ . Then
by setting

(2.34) a.(v⊗w) := a(1).v ⊗ a(2).w

for all a∈A, v ∈V and w ∈W , the vector space V̇ ⊗ Ẇ is endowed with the
structure of an A-module, to be denoted by V ⊗W .

(2) The field K becomes an A-module by setting

a.ξ := ε(a) ξ

for a∈A and ξ ∈K.

(3) These prescriptions yield a functor

⊗ : A-mod×A-mod −→ A-mod

which, together with the standard associators and unitors of the monoidal
category of K-vector spaces, extends to a monoidal structure on A-mod.

Proof. For any algebra A, the vector space V ⊗W becomes an A⊗A-modu-
le via the prescription (a⊗ b).(v⊗w) := a.v⊗ b.w for a, b∈A, v ∈V and w∈W .
Then V ⊗W , with the A-action (2.34), is the restriction of scalars (see Example
1.42(6)) of V ⊗W as an A⊗A-module, along the coproduct ∆: A−→A⊗A (that
we can actually restrict along ∆ uses that ∆ is a morphism of algebras). This
proves that V ⊗W , with the stated A-action, is indeed an A-module. It follows
that the functor ⊗ : A-mod×A-mod−→A-mod is well-defined on objects. It can
be extended to morphisms in a straightforward manner. In order to show that ⊗,
together with the standard associators and unitors of the monoidal category of K-
vector spaces, forms a monoidal category, we need to prove that these associators
and unitors are in fact morphisms of A-modules. This can be done by a direct
computation. For example, the fact that for A-modules U , V and W the associator

aU,V,W : (U ⊗V )⊗W −→ U ⊗ (V ⊗W )

of U , V and W , as K-vector spaces, is actually a morphism of A-modules, follows
from the coassociativity of the coproduct. We leave the details of this verification
to the reader. �

Example 2.35. If in Theorem 2.33 we take the bialgebra to be A=K[G] for a
group G (see Example 2.31), then the monoidal product on the category of K[G]-
modules or, equivalently, G-representations, sends two G-representations V and W
to the vector space V ⊗W with G-action g.(v⊗w)= g.v⊗ g.w for g∈G, v ∈V and
w∈W .

The notion of a monoidal category may be regarded as a categorification of
the one of a monoid M , with the role of the elements of the monoid being taken
over by the objects in the category, and the role of the multiplication taken over
by the tensor product functor. In the same spirit as for rings, one can define the
notion of a module over a monoid: a module overM is a set S together with a map
ρ : M ×S−→S, sending (m, s) 7−→ s.m, such that (s1·s2).m= s1.(s2.m). Proceeding
in the same vein for categories, one arrives at the structure of a module category.

Under categorification, properties tend to turn into structure. Specifically,
while the multiplication in a ring is (strictly) associative, the tensor product in
a monoidal category is associative only up to coherent isomorphisms, encoded in
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the structure of an associator. Analogously, in the case of module categories the
representation property of the action of a ring on a module turns to an action of
the monoidal category that satisfies the representation property only up to coherent
isomorphisms.

Definition 2.36. A (left) module category over a monoidal category (C,⊗,1, a, r, l)
consists of a categoryM, an action functor

⊲: C ×M −→M ,

and natural isomorphisms

a⊲ : ⊲ ◦ (⊗× id)
∼=−−→⊲ ◦ (id× ⊲)

of functors C ×C ×M−→M and

λ : 1 ⊲ id
∼=
−−→ id

of functorsM−→M that are subject to the pentagon and triangle axioms

(U ⊗V )⊗ (W ⊲M)

((U ⊗V )⊗W ) ⊲M U ⊗ (V ⊗ (W ⊲M))

(U ⊗ (V ⊗W )) ⊲M U ⊗ ((V ⊗W ) ⊲M)

a⊲U,V,W⊲M

aU,V,W⊲idM

a⊲U⊗V,W,M

a⊲U,V ⊗W,M

idU⊗a⊲V,W,M

and

(V ⊗ 1) ⊲ X V ⊗ (1⊲M)

V ⊲M

a⊲V,1,M

rV ⊲idM idV ⊲λM

for U, V,W ∈Obj(C) and M ∈Obj(M).

The natural isomorphism a⊲ is called the module constraint , or also the mixed
associator. The pentagon and triangle axioms are straightforward modifications of
those of a monoidal category (see Definition 2.13). Right module categories over
a monoidal category and bimodule categories over a pair of monoidal categories
are defined analogously. For the latter, in addition to the module constraints for
the left and right actions individually, there are two further pentagon identities

involving also a natural family of isomorphisms (X ⊲M)⊳Y
∼=
−→X ⊲ (M ⊳ Y ), see

e.g. [EtGNO, Def. 7.1.7].
The direct sum A⊕B of two additive categories A and B is defined as fol-

lows. An object in A⊕B is a pair (a, b) consisting of an object a∈A and an
object b∈B, and the abelian morphism group HomA⊕B((a, b), (a

′, b′)) is given by
HomA(a, a

′)⊕HomB(b, b
′). (In the latter expression the symbol ⊕ denotes the di-

rect sum of abelian groups when the additive categories A and B are not enriched,
while it stands for the direct sum of K-vector spaces when they are enriched over
Vect(K).)

Given two additive module categoriesM1 andM2 over a monoidal category C,
endowing their direct sumM1⊕M2 with a C-action and with module constraints
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being sums of those of M1 and M2 yields again a C-module category. An inde-

composable module category is one that is not equivalent as a module category to
such a direct sumM1⊕M2 with non-zeroM1 andM2.

Example 2.37. It is, in general, algorithmically hard to classify module categories.
For instance, the indecomposable module categories over the monoidal category
VectG(C) of G-graded vector complex spaces (as introduced in Example 2.15(5))
are classified by conjugacy classes of pairs (H,ω) consisting of a subgroup H ≤G
and a class ω ∈H2(H,C×) in group cohomology. This generalizes to categories
VectωG(C) in which the associator is twisted by a 3-cocycle of G (as described in
Example 2.47 below), see e.g. Example 2.1 in [Ost]. There is also a classification
of indecomposable module categories over the Drinfeld center (to be defined in
Remark 5.45) of VectωG(C), see Theorem 3.6 of [Ost].

Example 2.38. In some special cases a classification of module categories over a
given monoidal category can be achieved. One such class of monoidal categories
consists of finitely semisimple monoidal categories (fusion categories, to be precise, a
notion to be introduced in Definition 5.47) that are based on the simple Lie algebra
sl(2). Their module categories can be classified because their tensor product has
a particularly simple structure (and tensors describing it have special eigenvalues).
The result exhibits an A-D-E type pattern [KirO].

Remark 2.39. We refrain from a detailed description of applications of module
categories, because this typically requires additional knowledge. Instead we give
a few (biased) pointers to the literature: Pivotal module categories over spheri-
cal fusion categories describe boundary conditions in three-dimensional topological
field theories of Turaev-Viro type [FSV1]. A modular tensor category C captures
crucial aspects of a chiral conformal field theory; a pivotal module category over
C describes a full, local conformal field theory, see [FSWY] for a review. Fusion
2-categories, which are ingredients in the construction of four-dimensional topo-
logical field theories) are built from a fusion category and module categories over
it, too [DoR]. Finally, in so-called tensor network models, module categories over
spherical fusion categories are the source of particular symmetries; see Section 6.4.2
for a few more details.

2.4. Monoidal functors and natural transformations

For monoidal categories, functors and natural transformations must be endowed
with further structure and properties.

Definition 2.40.

Let (C,⊗C ,1C , aC, lC , rC) and (D,⊗D,1D, aD, lD, rD) be monoidal categories. (In
some of the formulas below we omit the subscripts that indicate the category to
which the data belong.)

(1) A monoidal functor , or tensor functor , from C to D is a triple (F, ϕ0, ϕ2) con-
sisting of the following data:

• a functor F : C −→D ;

• an isomorphism

ϕ0 : 1D −→ F (1C)

in the category D;
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• a natural isomorphism

ϕ2 : ⊗D ◦ (F ×F ) −→ F ◦ ⊗C

of functors from C ×C to D.
Thus in particular there is an isomorphism

ϕ2(U, V ) : F (U)⊗D F (V )
∼=−−→ F (U ⊗C V )

for every pair of objects U, V ∈C.

These data are required to satisfy constraints that can be expressed as the commu-
tativity of the following diagrams:

• Compatibility with the associativity constraint:

(
F (U)⊗F (V )

)
⊗F (W ) F (U)⊗

(
F (V )⊗F (W )

)

F (U ⊗V )⊗F (W ) F (U)⊗F (V ⊗W )

F ((U ⊗V )⊗W ) F (U ⊗ (V ⊗W ))

aF (U),F (V ),F (W )

ϕ2(U,V )⊗idF (W ) idF (U)⊗ϕ2(V,W )

ϕ2(U⊗V,W ) ϕ2(U,V⊗W )

F (aU,V,W )

• Compatibility with the left unit constraint:

1D ⊗ F (U) F (U)

F (1C)⊗ F (U) F (1C ⊗ U)

lF (U)

ϕ0⊗idF (U)

ϕ2(1C,U)

F (lU )

• Compatibility with the right unit constraint:

F (U)⊗ 1D F (U)

F (U)⊗ F (1C) F (U ⊗ 1C)

rF (U)

idF (U)⊗ϕ0

ϕ2(U,1C)

F (rU )

(2) A monoidal functor is called strict if the isomorphism ϕ0 and the natural trans-
formation ϕ2 are identities in D.

Remark 2.41. A monoidal functor as given by Definition 2.40 is sometimes instead
called a strong monoidal functor . There is a variant of the notion for which ϕ0

and ϕ2(U, V ) are not required to be isomorphisms, but are allowed to be non-
invertible, with the rest of the definition unchanged. In this case the functor is
called lax monoidal . Analogously, for an oplax monoidal functor one has morphisms
in the direction opposite to the one of ϕ0 and ϕ2(U, V ) that are not required to be
isomorphisms. In this text, monoidal functors are to be understood in the sense of
Definition 2.40, i.e. as being strong, unless stated otherwise.
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The compositeG ◦F of the functors F : C −→D andG : D−→E that underlie two
monoidal functors (F, ϕF0 , ϕ

F
2 ) and (G,ϕG0 , ϕ

G
2 ) carries a natural monoidal structure,

given by

(2.42) ϕG◦F
0 = G(ϕF0 ) ◦ ϕ

G
0 and ϕG◦F

2 = ϕG2 ◦G(ϕ
F
2 ) .

Remark 2.43. Adjunctions are not automatically compatible with monoidal struc-
tures, but a lot of useful information about their compatibility is available. Per-
tinent statements can be derived systematically using the doctrinal adjunctions

developed in [Kel].

Exercise 2.44. Let C and D be monoidal categories and F : C −→D be a monoidal
functor. (Recall from Remark 2.41 that according to our conventions the latter
means that the transformations ϕ0 and ϕ2 are isomorphisms.)
Show that a left adjoint G : D−→C of F , if it exists, comes with an oplax monoidal
structure, while a right adjoint of F , if it exists, comes with a lax monoidal struc-
ture.

Hint: Use the description of adjunctions in terms of unit and counit.

Definition 2.45.

(1) A monoidal natural transformation

η : (F, ϕ0, ϕ2) −→ (F ′, ϕ′
0, ϕ

′
2)

between monoidal functors F and F ′ from C to D is a natural transformation
η : F −→F ′ with the following two compatibility properties:

• The diagram F (1C)

1D

F ′(1C)

η
1

ϕ0

ϕ′
0

in D involving the tensor units of C and D commutes.

• For every pair (U, V ) of objects of C the diagram

F (U)⊗ F (V ) F (U ⊗V )

F ′(U)⊗ F ′(V ) F ′(U ⊗V )

ηU⊗ηV

ϕ2(U,V )

ηU⊗V

ϕ′
2(U,V )

in D commutes.

(2) A monoidal natural isomorphism is an invertible monoidal natural transforma-
tion.

(3) An equivalence of monoidal categories C and D, or monoidal equivalence, for
short, is given by a pair of monoidal functors F : C −→D and G : D−→C together
with monoidal natural isomorphisms

η : idD −→ F ◦G and θ : G ◦F −→ idC .
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The natural transformations that are obtained by the vertical and horizontal
composition (as described in Definition 1.49) of monoidal natural transformations
are again monoidal.

Remark 2.46. Every monoidal category is monoidally equivalent to a strict mono-
idal category; for a proof see e.g. [Kas, Ch.XI.5]. As already announced in Example
2.15(1), this result is often invoked so as to simplify notation by replacing a given
monoidal category by an equivalent strict one. There exist in fact even stronger
strictification results, see Theorem 1.2 of [JS2].

Example 2.47. We can generalize the category VectG(K) ofG-graded vector spaces
described in Example 2.15(5) to monoidal categories VectωG(K) as follows.

For G a finite group, a function

ω : G×G×G −→ K
×

that satisfies the closedness condition

(2.48)
ω(g2, g3, g4) · ω−1(g1g2, g3, g4) · ω(g1, g2g3, g4)

·ω−1(g1, g2, g3g4) · ω(g1, g2, g3) = 1

for every quadruple g1, g2, g3, g4 ∈G is called a 3-cocycle on G (or, more specifically,
a 3-cocycle in the group cohomology of G with values in the abelian group K×, seen
as a trivial G-module).
For any such 3-cocycle ω we can equip VectG(K) with a different monoidal structure
for which the associator is determined by the family

ag1,g2,g3 : (Kg1 ⊗Kg2)⊗Kg3 −→ Kg1 ⊗ (Kg2 ⊗Kg3)

(ug1 ⊗ug2)⊗ ug3 7−→ ω(g1, g2, g3) · ug1 ⊗ (ug2 ⊗ug3)

of linear maps, where the symbol ⊗ means the tensor product of vector spaces.
Here Kg is the G-graded vector space given by the ground field K in degree g and
the zero vector space in every other degree. The pentagon axiom for the associator
a then amounts to the closedness of the 3-cocycle ω. As we will see in Chapter 4,
such a 3-cocycle provides a concrete example for a topological Lagrangian of the
type mentioned in Example 2.11.

Exercise 2.49. Consider again the situation studied in Example 2.47. Show that
cohomologous cocycles give rise to monoidally equivalent categories.

The notion of a monoidal functor categorifies the one of a homomorphism be-
tween monoids. When considering module categories, there is a corresponding no-
tion that categorifies the one of a homomorphism between modules over a monoid:

Definition 2.50. An oplax module functor from a left C-module category (M,⊲,
a⊲, λ) to a left C-module category (M′,⊲′, a⊲′, λ′) consists of a functor F :M−→M′

and a natural family of morphisms

ϕX,M : F (X ⊲M) −→ X ⊲
′ F (M)
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for X ∈C and M ∈M, such that the diagrams

F ((X ⊗ Y )⊲M)

F (X ⊲ (Y ⊲M)) (X ⊗Y )⊲′ F (M)

X ⊲F (Y ⊲M) X ⊲ (Y ⊲F (M))

F (a⊲X.Y.M ) ϕX⊗Y,M

ϕX,Y ⊲M a⊲′

X,Y,F (M)

idX⊗ϕY,M

and

F (1⊲M) 1⊲′ F (M)

F (M)

ϕ
1,M

F (λM ) λ′
F (M)

commute for all objects X,Y ∈C and M ∈M.
If instead of the morphisms ϕX,M there are morphisms in the opposite direction,
satisfying analogous coherence conditions, then one deals instead with a lax module

functor . And if all morphisms ϕX,M are isomorphisms, then F is called a strong

module functor, or just module functor.

2.5. Rigid monoidal categories

To proceed, we introduce a further property that objects in a monoidal cate-
gory can have. This imitates a salient feature of finite-dimensional vector spaces.
Specifically, the subsequent discussion of vector spaces motivates Definition 2.53
below.

For any K-vector space X there are two pairs of maps that relate X and its
linear dual space

X∗=HomK(X,K) .

(1) Without any condition on the vector space X , we have two evaluation maps

dX : X∗ ⊗X −→ K ,

ξ ⊗ x 7−→ ξ(x)

and

d̃X : X ⊗X∗ −→ K ,

x⊗ ξ 7−→ ξ(x) .

We call dX a right evaluation and d̃X a left evaluation.

(2) Provided that the vector space X is finite-dimensional, we can further define
two maps in the opposite direction, accordingly referred to as coevaluation
maps. This can be done with the help of a basis

{
xi
}
i∈I

ofX and the associated

dual basis
{
ξi
}
i∈I

of X∗ (which, by definition, satisfies ξi(xj)= δij):

bX : K −→ X ⊗X∗ ,

λ 7−→ λ
∑

i∈I xi ⊗ ξ
i
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and

b̃X : K −→ X∗ ⊗X ,

λ 7−→ λ
∑

i∈I ξ
i ⊗ xi .

The maps bX and b̃X are actually independent of the choice of (dual) bases.
This is seen by writing bX in the form

bX : K −→ EndK(X) ∼= X ⊗X∗ ,

λ 7−→ λ idX ,

and analogously for b̃X .

We call bX a right coevaluation and b̃X a left coevaluation.

Suppressing the associators on the monoidal category of vector spaces, we com-
pute

(idX ⊗ dX) ◦ (bX ⊗ idX)(x) =
(
idX ⊗ dX

)(∑

i∈I

xi⊗ ξ
i⊗ x

)

=
∑

i∈I

(
ξi(x)

)
xi = x

for any finite-dimensional vector space X . We thus conclude that

(2.51) (idX ⊗ dX) ◦ (bX ⊗ idX) = idX .

Similarly one shows that

(2.52) (dX ⊗ idX∗) ◦ (idX∗ ⊗ bX) = idX∗ .

One may wonder whether an analogous structure also exists for objects in a
category of cobordisms. This is indeed the case. Recall that together with any
oriented manifold M we also have another oriented manifold M , which is the same
manifold but with reversed orientation. Accordingly, for a (d−1)-dimensional man-
ifold M , the d-manifold M × [−1, 1], i.e. the cylinder over M , can be interpreted
as a cobordism in six different ways, depending on whether its boundary compo-
nents are regarded as incoming or outgoing and whether the embedding of M into
the cylinder that maps it to a boundary component is an orientation preserving or
orientation reversing map:

• as the identity cobordism

idM : M −→M ;

• as an evaluation cobordism

dM : M ⊔M −→ ∅ ;

• as a coevaluation cobordism

bM : ∅ −→M ⊔M ;

• or as the cobordism obtained from any of these when replacing M by M .

In the particular case that M is a circle, one commonly displays these different
possibilities in the following suggestive manner:

idM =
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dM = bM =

These morphisms satisfy the relations

(idM ⊗ dM ) ◦ (bM ⊗ idM ) = idM

and

(dM ⊗ idM ) ◦ (idM ⊗ bM ) = idM .

that are analogous to (2.51) and (2.52).
Graphically these identities look as follows:

= =

These relations – not only in the cobordism category – are sometimes referred to
as snake relations because they amount to straightening a ‘snake-like’ curved line.
(Another common name for them is zig-zag relations .)

Asking for similar structures in general monoidal categories leads to the follow-
ing notion:

Definition 2.53.

(1) An object X of a monoidal category C is called right dualizable if there exists
an object Y ∈C and a pair

bX : 1 −→ X ⊗ Y and dX : Y ⊗X −→ 1

of morphisms that satisfy

(idX ⊗ dX) ◦ aX,Y,X ◦ (bX ⊗ idX) = idX
and

(dX ⊗ idY ) ◦ a
−1
Y,X,Y ◦ (idY ⊗ bX) = idY .

Such an object is denoted by Y =:X∨ and is called a right dual to X .

The morphism dX is called a (right) evaluation, and the morphism bX a (right)
coevaluation.

(2) A monoidal category is called right-rigid, or right-autonomous, if every object
has a right dual.

(3) A left dual to X ∈C is an object ∨X of C together with morphisms

b̃X : 1 −→ ∨X ⊗X and d̃X : X ⊗ ∨X −→ 1
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such that

(d̃X ⊗ idX) ◦ a−1
X,∨X,X ◦ (idX ⊗ b̃X) = idX

and
(idX ⊗ d̃X) ◦ a∨X,X,∨X ◦ (̃bX ⊗ idX) = id∨X .

A left-rigid, or left autonomous, category is a monoidal category in which every
object has a left dual.

(4) A monoidal category is said to be rigid , or autonomous , if it is both left and
right rigid.

Remark 2.54. For clarity, in the formulas above we have explicitly included the
associator a of the monoidal category C=(C,⊗,1, a, l, r). Below, we will suppress
a (as well as the unitors l and r) whenever their presence can easily be restored
from the context.

Left and right duals are essentially unique, thus allowing us the speak of ‘the’
left and right dual of an object:

Lemma 2.55. Let V be an object in a monoidal category, and let (V ∨, dV , bV ) and
(V ∧, d∧V , b

∧
V ) be two right duals of V . Then V ∨ and V ∧ are canonically isomorphic:

There is a unique isomorphism ϕ : V ∨−→V ∧ such that the two diagrams

V ∨⊗V V ∧ ⊗ V

1

ϕ⊗idV

dV d∧V
and

V ⊗V ∨ V ⊗V ∧

1

idV ⊗ϕ

b∧VbV

commute. An analogous result holds for left duals.

Proof. For ease of notation, we assume that the monoidal category is strict.
The axioms of a duality then directly imply that ϕ has to be given by

ϕ : V ∨ idV ∨⊗b∧V−−−−−−−→ V ∨⊗V ⊗V ∧ dV ⊗idV ∧

−−−−−−−→ V ∧.

This map is in fact an isomorphism: the morphism

ϕ−1 : V ∧ idV∧⊗bV
−−−−−−−→ V ∧ ⊗ V ⊗ V ∨ d∧V ⊗idV ∨

−−−−−−−→ V ∨

is a two-sided inverse.
Alternatively, the statement follows from the uniqueness of adjoints considered in
Exercise 1.129. �

Remark 2.56. Dualities can be taken to be compatible with the monoidal struc-
ture. More specifically, we can require that

1∨ = 1 and (X ⊗ Y )∨ = Y ∨⊗X∨.

The first equality holds because we can take b1 and d1 to be given by the identity
morphism. Concerning the second equality, note that the snake identities for the
evaluations and coevaluations of X and Y directly imply that the morphisms

bX⊗Y = (idX ⊗ bY ⊗ idX∨) ◦ bX
and

dX⊗Y = dY ◦ (idY ∨ ⊗ dX ⊗ idY )
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satisfy the snake identities as well, thus identifying Y ∨⊗X∨ as a possible right dual
of X ⊗ Y . The statement then follows by invoking the uniqueness result of Lemma
2.55. Also, with this choice we have

(aX,Y,Z)
∨ = aZ∨,Y ∨,X∨ .

Analogous formulas hold for a left duality.

Example 2.57. The motivational considerations at the beginning of this section
can now be rephrased as follows. The monoidal categories of finite-dimensional
vector spaces and of cobordisms are both rigid.

Exercise 2.58. Prove that the monoidal category of finite-dimensional represen-
tations of a group G is rigid.

Hint: Given a finite-dimensional G-representation V , show that the linear dual V ∗

with action given by (g . α)(v) :=α(g−1. v) for v ∈V , α∈V ∗ and g∈G is both a left
and right dual of the G-representation V .

In a right-rigid monoidal category C the assignment of the dual object X∨

to every object X , together with the corresponding evaluation and coevaluation
morphisms, is called a right duality for C. We define an action of a right duality
not only on objects, but also on morphisms, namely as

Hom(X,Y ) ∋ f

7−→ f∨ := (dY ⊗ idX∨) ◦ (idY ∨ ⊗ f ⊗ idX∨) ◦ (idY ∨ ⊗ bX)

∈ Hom(Y ∨, X∨) .

This prescription yields a functor

(−)∨ : C −→ Copp,

i.e. a contravariant functor. Similarly, for a left-rigid monoidal category C, we get
a left duality functor

∨(−) : C −→ Copp.

Exercise 2.59. As seen in Example 2.15(2), the category End(C) of endofunctors
of a small category C is a monoidal category.
Show that for an endofunctor F : C −→C a left (right) dual in the monoidal category
End(C) is precisely a left (right) adjoint functor for F .

Graphical Description 2.60. In the graphical string calculus for monoidal cat-
egories, we represent the evaluation and coevaluation morphisms of left and right
dualities by string diagrams as follows:

dX =

X∨ X

bX =

X X∨

d̃X =

X ∨X

b̃X =

∨X X

Author's preliminary version made available with permission of the publisher, the American Mathematical Society



2.5. RIGID MONOIDAL CATEGORIES 87

The defining snake relations for the right duality morphisms then look like

X

X

=

X

X

and

X∨

X∨

=

X∨

X∨

and similarly for the left duality morphisms.

The action on morphisms is graphically expressed as

f∨ =

Y ∨

X∨

f and ∨f =

∨X

∨Y

f

for f ∈Hom(X,Y ).

Remark 2.61. A closed graph embedded in R2 whose vertices and edges are labeled
by objects and morphisms, respectively, in a rigid monoidal category C represents
an endomorphism of the monoidal unit 1 of C. In particular, if the object 1 is ab-
solutely simple, i.e. Hom(1,1)∼=K, then the value of the graph can be interpreted
as a number.

Lemma 2.62. A K-vector space V admits a dual (that is, both left and right

dual) if and only if it is finite-dimensional.

Proof. We present the proof for the right dual; the proof for the left dual is
analogous. The element bV (1)∈V ⊗V ∗ can be written as a linear combination

bV (1) =

N∑

i=1

bi ⊗ β
i

with suitable elements bi ∈V and βi ∈ V ∗ (by definition, this is a finite sum). By
the axioms of a duality it follows that

v = (idV ⊗ dV ) ◦ (bV (1)⊗ idV )(v) =

N∑

i=1

bi β
i(v)

for any vector v ∈V . Thus the finitely many vectors (bi)i=1,...,N form a generating
system for V . This implies that V is finite-dimensional. The converse has al-
ready been established, through Equations (2.51) and (2.52), in the motivational
considerations at the beginning of the present section. �

Exercise 2.63. Let F : C −→D be a monoidal functor and let X∨ be a right dual
of an object X ∈C. Show that by the evaluation and coevaluation morphisms of X
and X∨ and the structure morphisms of F , the object F (X∨) can be made into a
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right dual of F (X). In other words, monoidal functors preserve right (and similarly,
left) dualities.

Remark 2.64. We will see that the functor Z : Cobd,d−1−→Vect(K) in our Ten-
tative Definition of a topological field theory in Example 1.58 should be equipped
with the structure of a monoidal functor. Exercise 2.63, combined with with Lemma
2.62, then implies that for every closed oriented (d−1)-manifoldM the vector space
Z(M) is finite-dimensional. Its dual Z(M)∨ is canonically isomorphic to Z(M),
where M is the closed oriented (d−1)-manifold that is obtained from M by orien-
tation reversal.

Exercise 2.65. Show that for any rigid category C the double (right) dual functor
(−)∨∨ : C −→C comes with the structure of a monoidal functor. (The same is true
for the double left dual functor ∨∨(−).)

Hint: Recall from Remark 2.56 that dX⊗Y = dY ◦ (idY ∨ ⊗ dX ⊗ idY ).

There is no reason, in general, for the right and left duality functors of a rigid
monoidal category to be isomorphic. This does, however, hold for pivotal categories.
In order to introduce this notion, we invoke the monoidal structure on the double
dual functor (−)∨∨ : C −→C from Exercise 2.65.

Definition 2.66. A pivotal structure on a rigid monoidal category C is a monoidal
natural isomorphism

π : (−)∨∨ ∼=
−−→ idC

between the double dual and the identity functor.
A pivotal category is a rigid monoidal category together with a choice of a pivotal
structure.

A rigid monoidal category need not admit a pivotal structure, and if it does, the
pivotal structure need not be unique. Thus pivotality indeed amounts to structure
and is not just a property.

Example 2.67. Recall from Exercise 1.63 that for any finite-dimensional vector

space V there is a canonical isomorphism V ∗∗
∼=−→V . These isomorphisms endow

the category of finite-dimensional vector spaces with a pivotal structure.

Remark 2.68. The strictification result for monoidal categories stated in Remark
2.46 extends to the pivotal case: Every pivotal monoidal category is equivalent,
as a pivotal monoidal category, to a strict pivotal monoidal category, i.e. one for
which the pivotal structure is the identity natural transformation (Theorem 2.2
in [NgS1]).

Exercise 2.69. Let C be a pivotal category and X an object in C. Show that the
pivotal structure provides a canonical isomorphism between X∨ and ∨X and, more

generally, a natural isomorphism (−)∨
∼=
−→ ∨(−) of functors. In other words, in a

pivotal category left and right duality coincide up to canonical isomorphism.

The presence of a pivotal structure allows one to extend the notion of the trace
of a linear map to the setting of monoidal categories:

Definition 2.70. Let f ∈Hom(X,X) be an endomorphism in a pivotal category
C with pivotal structure π. The morphisms

trr(f) := dX ◦
(
idX∨ ⊗ (f ◦ π−1

X )
)
◦ bX∨ ∈ Hom(1,1)
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and
trl(f) := dX∨ ◦

(
(πX ◦ f)⊗ idX∨

)
◦ bX ∈ Hom(1,1)

are called the right trace and left trace of f , respectively.
The right and left dimension of an object X ∈C are the morphisms

dimr(X) := trr(idX) and diml(X) := trl(idX) ,

respectively.

Note that the traces, and thus in particular the dimensions, do depend on the
choice of pivotal structure, even though this is not indicated in the notation. If C is
in addition K-linear and Hom(1,1)∼=K, it is common to invoke this isomorphism
to interpret traces as elements of the field K.

Exercise 2.71.

(1) Show that the traces trr and trl are cyclic in the sense that trr,l(g◦f)= trr,l(f◦g)
for any pair of morphisms f ∈Hom(X,Y ) and g∈Hom(Y,X).

(2) Show that trr,l(f
∨)= trl,r(f) for any endomorphism f .

(3) Assume that the monoidal unit is absolutely simple, i.e. obeys Hom(1,1)=K id1.
Conclude that the traces trr and trl are multiplicative in the sense that

trr,l(f ⊗ f
′) = trr,l(f) trr,l(f

′)

for any pair of morphisms f and f ′.

Remark 2.72. In the absence of a pivotal structure one can still define an analo-
gous right trace for morphisms in Hom(X∨∨, X) and a left trace for morphisms in
Hom(X,X∨∨).

Definition 2.73. A spherical structure on a rigid monoidal category C is a pivotal
structure for which the left and right traces of any endomorphism are equal.

When describing morphisms in a spherical category in terms of string diagrams,
the canvas can be taken to be a two-sphere instead of a rectangle in the plane; this
is the origin of the terminology ‘spherical’.

2.6. Hopf algebras

Recall from Theorem 2.33 that the category of modules over a bialgebra (as
defined in Definition 2.28) has the structure of a monoidal category. Since finite-
dimensional vector spaces are rigid, it is reasonable to ask for what bialgebras their
finite-dimensional modules are still rigid. The answer to this question involves the
following concepts:

Definition 2.74. Let A=(A, µ, η,∆, ε) be a bialgebra over a field K.

(1) An antipode on A is a K-linear map s : A−→A satisfying

µ ◦ (s⊗ idA) ◦∆ = η ◦ ε = µ ◦ (idA⊗ s) ◦∆ .

(2) A skew antipode on A is a K-linear map s̃ : A−→A satisfying

µ ◦ τA,A ◦ (s̃⊗ idA) ◦∆ = η ◦ ε = µ ◦ τA,A ◦ (idA⊗ s̃) ◦∆ ,

with τA,A the flip map (2.21).

Definition 2.75. For K a field, a Hopf algebra H =(H,µ, η,∆, ε, s) over K is a
K-bialgebra (H,µ, η,∆, ε) endowed with an antipode s : H −→H .
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Example 2.76. For G a group and K a field, consider the group algebra K[G] with
basis {βg | g ∈G}, as introduced in Definition 1.15. Setting

ε(βg) := δg,e , ∆(βg) := βg ⊗βg and s(βg) := βg−1

for all g∈G (with g−1 the inverse of g in G) endows K[G] with the structure of a
Hopf algebra.

Exercise 2.77. Show:

(1) If a bialgebra admits an antipode s, then s is unique.

(2) If an antipode s is invertible, then its inverse s−1 is a skew antipode.

(3) The sixtuple (H,µ, η,∆, ε, s̃) is a bialgebra with a skew antipode if and only if
(H,µ ◦ τH,H , η,∆, ε, s̃) is a Hopf algebra, and if and only if (H,µ, η,∆ ◦ τH,H , ε, s̃)
is a Hopf algebra.

Remark 2.78. The antipode of any commutative or cocommutative Hopf alge-
bras squares to the identity. The antipode of any finite-dimensional Hopf algebra is
invertible (see e.g. Corollary 5.1.6 in [Swe]). Hopf algebras with non-invertible an-
tipode are in fact not very easy to construct; one possible construction is described
in [Tak]. Accordingly, sometimes, e.g. in Definition 5.3.10 of [EtGNO], invertibility
of the antipode is included in the notion of a Hopf algebra.

Exercise 2.79. Consider the commutative algebra An(K) :=K[Xi,j |
1≤i, j≤n] of polynomials in n2 indeterminates {Xi,j}1≤i,j≤n.
By setting

∆(Xi,j) :=
n∑

k=1

Xi,k ⊗Xk,j and ε(Xi,j) := δi,j

we obtain two algebra morphisms

∆ : An(K) −→ An(K)⊗An(K) and ε : An(K) −→ K

(1) Show that this defines a bialgebra structure on An(K).

(2) Denote by X :=
(
Xi,j

)
1≤i,j≤n

the n×n-matrix whose entries are given by the

indeterminates Xi,j ∈An(K).
Notice that the Leibniz formula det(M)=

∑
σ∈Sn

sign(σ)
∏n
j=1Mj,σ(j) for the

determinant of an n×n-matrix, in which M is usually taken to have entries
Mi,j that are elements of a field, still makes sense for matrices with entries in
an arbitrary commutative ring. Accordingly, in the present situation we can
set g := det(X)∈An(K).

Show that the element g∈An(K) is group-like, i.e. ∆(g)= g⊗ g.

(3) Show that the bialgebra An(K) is not a Hopf algebra.

(4) Consider the two-sided ideal I of A2(K) that is generated by det(X)− 1.
Show that the quotient A2(K)/I is a Hopf algebra, with antipode given by
s(Xi,j+I)= (X#)i,j +I, with

X# :=

(
X2,2 −X1,2

−X2,1 X1,1

)
.

How can one generalize this construction to An(K) for n≥ 3 ?
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Exercise 2.80. One definition (out of various different ones that are in use) of a
quantum group is that it is a non-commutative non-cocommutative Hopf algebra
(rather than, as the term may suggest, a group) with additional structure. Impor-
tant classes of quantum groups can be obtained by certain types of deformations of
the universal enveloping algebra U(g) (which we described in Example 2.24) of a Lie
algebra g. The following example of a Hopf algebra arises as the Borel subalgebra
of one variant of the quantum group Uq(sl(2)).
Let K be a field and q ∈K×. Let H be the free algebra on the three generators x,
x−1 and y modulo the relations

xy = q yx and xx−1 = 1 = x−1x .

(1) Show that setting

∆(x±1) := x±1⊗x±1 , ∆(y) := y⊗ 1 + x⊗ y

and ε((x±1) := 0 , ε(y) := 0

yields algebra homomorphisms ∆: H −→H ⊗H and ε : H −→K.

(2) Show that this turns H into a bialgebra, and that this bialgebra is a Hopf
algebra.

(3) Compute the order of the antipode of H .

Exercise 2.81. Recall the Taft bialgebra HN from Exercise 2.32.

Show that HN admits an antipode s determined by s(g)= g−1 and s(x)=−xg−1.

Compute the order of s.

Graphical Description 2.82. Recall from Graphical Description 2.30 the string
diagrams for the (co)unit and (co)multiplication of a bialgebra. Representing in
addition the antipode graphically as

s =:

the antipode axioms read

= =

Exercise 2.83. For any coalgebra H over a field K, the tensor product H ⊗H
inherits from H a natural structure of a coalgebra. As a consequence, if H is both
a unital algebra and a counital coalgebra, then the K-vector space of linear maps
from H ⊗H to H is a unital associative algebra with respect to the convolution
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product ϕ⊛ϕ′ :=µ ◦ (ϕ⊗ϕ′) ◦∆H⊗H , with unit element 1⊛ = η ◦ (ε⊗ ε).
Assume that H is even a Hopf algebra. Show graphically that

(s ◦µ)⊛ µ = 1⊛ = µ⊛ (µ ◦ τH,H ◦ (s⊗ s)) ,

with τH,H the flip map (2.21). Conclude that s ◦µ=µ ◦ τH,H ◦ (s⊗ s), i.e. that the
antipode of a Hopf algebra is an algebra anti-homomorphism. Show further that
the antipode is also an anti-homomorphism of coalgebras.

We are now in a position to answer the question posed at the beginning of this
subsection:

Theorem 2.84.

(1) Let (H,µ, η,∆, ε, s) be a Hopf algebra. Then the category H-mod of finite-
dimensional H-modules admits a right duality.

(2) Let (H,µ, η,∆, ε, s̃) be a bialgebra with skew antipode. Then the category
H-mod of finite-dimensional H-modules admits a left duality.

(3) Let (H,µ, η,∆, ε, s) be a Hopf algebra with invertible antipode. Then the cat-
egory H-mod of finite-dimensional H-modules admits right and left dualities.
Moreover, the right and left duals of each H-module are isomorphic if and only
if the square s2 is an inner automorphism of H .

One can in fact show that the sufficient conditions in these statements are also
necessary. Concretely, a right dual of an H-module (X, ρ) is given by (X∗, ρX∨)
with

ρX∨ = (dX ⊗ idX∗) ◦ (idX∗⊗ ρ⊗ idX∗) ◦ (idX∗⊗ s⊗ bX) ◦ τH,X∗,

while a left dual is given by (X∗, ρ∨X) with

ρ∨X = (idX∗⊗ d̃X) ◦ (idX∗⊗ ρ⊗ idX∗)

◦ [(idX∗⊗ s−1) ◦ τH,X∗]⊗ idX ⊗ idX∗) ◦ (idH ⊗ b̃⊗ idX∗)

with τH,X∗ the flip map h⊗ϕ 7→ϕ⊗ h for h∈H and ϕ ∈ X∗.

Graphical Description 2.85. Expressing the action of H on X by the string
diagram

ρX =:

X

X

H

the right dual action is given by

ρX∨ =

H

X∗

X∗
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That this indeed endows the dual vector space X∗ with the structure of an H-mo-
dule is seen by noticing that

H X∗

X∗

H

=

HH X∗

X∗

=

HH X∗

X∗

and then invoking the anti-algebra homomorphism property of the antipode.

Remark 2.86. It is natural to ask whether the considerations in Exercise 2.83 and
in Graphical Description 2.85 can be generalized to the situation that H is a Hopf
algebra in a monoidal category C. As already pointed out at the end of Graphical
Description 2.30, the structure of a braiding c on C, which provides a generalization
of the flip map τ , makes it possible to define the notion of a bialgebra in C; in fact it
also allows one to define the notion of a Hopf algebra. Braidings will be introduced
in the next section. If C is endowed with a braiding c, then one can e.g. take over
the definition of the right dual action ρX∨ by just replacing the flip map τH,X∗ by

the braiding morphism cH,X∨, while one obtains a left dual action by replacing in

ρ∨X the flip map by the opposite braiding c−1
X∨,H .

The results in Theorem 2.84 motivate the notion of a pivotal Hopf algebra

which, by definition, is a pair (H,ω) consisting of a Hopf algebra H and an element
ω∈H that is group-like, i.e. obeys ∆(ω)=ω⊗ω, and satisfies

S2(x) = ω xω−1.

Such an element ω is called a pivot for H .

Exercise 2.87. Let H be a finite-dimensional Hopf algebra.

(1) Show that the set of group-like elements of H forms a group, and that this
subset of H is linearly independent.

(2) Show that if ω is a pivot for H , then the action with ω endows the category of
finite-dimensional H-modules with the structure of a pivotal category.

(3) Show that if the monoidal category of finite-dimensional H-modules admits a
pivotal structure π, then the element πH(1H)∈H∗∗∼=H is a pivot for H (using
the canonical isomorphism of a finite-dimensional vector space with its double
dual to identify H∗∗ with H).
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2.7. Braided monoidal categories

With the notions of monoidal category and monoidal functor at our disposal,
we are now in a position to formulate an improved version of our definition of a
topological field theory.

Tentative Definition:

A topological field theory is a monoidal functor

(2.88) Z : Cobd,d−1 −→ Vect(K) .

However, there is further essential structure on the two categories involved
that is still neglected in our improved version. Namely, the tensor products on
these categories are symmetric. For two-dimensional cobordisms, the symmetry is
provided by a pair of exchanging cylinders (for an illustration, see the picture (3.5)
below). This bears some similarity with the flip map (2.21) which we we already
have used repeatedly, and which can be formulated for any pair of K-vector spaces
V and W :

τ : V ⊗W −→ W ⊗V ,

v⊗w 7−→ w⊗ v .

Rather than introducing separately the notion of a symmetric monoidal cate-
gory, we directly discuss a more general class of categories that we will encounter
later on anyhow. Let (C,⊗, a, l, r) be a monoidal category. Together with the tensor
product ⊗ : C ×C −→C we also have an opposite tensor product , namely the functor

⊗opp := ⊗ ◦ τ : C × C −→ C

with

V ⊗opp W :=W ⊗ V and f ⊗opp g := g ⊗ f .

This functor indeed furnishes another tensor product on C: Given an associator a
for ⊗, the family of morphisms

aoppU,V,W := a−1
W,V,U

is an associator for the tensor product ⊗opp. Left and right unit constraints for
⊗opp are obtained from those of (C,⊗) in a similar manner.

It is a natural question to ask whether we can compare the two tensor products
⊗ and ⊗opp. This leads to the following structure:

Definition 2.89.

(1) A commutativity constraint for a monoidal category (C,⊗) is the datum of a
natural isomorphism

C ×C C

⊗

⊗opp

c

of functors from C ×C to C. Explicitly, we have an isomorphism

cV,W : V ⊗W
∼=
−−→W ⊗ V
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for any pair (V,W ) of objects of C, such that for every pair of morphisms

V
f
−→V ′ and W

g
−→W ′ the diagram

V ⊗W W ⊗ V

V ′ ⊗W ′ W ′ ⊗ V ′

cV,W

f⊗g g⊗f

c
V ′,W ′

commutes.

(2) A braiding is a commutativity constraint such that for every triple of objects
U , V and W the two diagrams

U ⊗ (V ⊗W ) (V ⊗W )⊗U

(U ⊗V )⊗W V ⊗ (W ⊗U)

(V ⊗U)⊗W V ⊗ (U ⊗W )

cU,V ⊗W

aV,W,UaU,V,W

cU,V ⊗idW
aV,U,W

idV ⊗cU,W

and

(U ⊗V )⊗W W ⊗ (U ⊗V )

U ⊗ (V ⊗W ) (W ⊗U)⊗V

U ⊗ (W ⊗V ) (U ⊗W )⊗V

cU⊗V,W

a−1
W,U,V

a−1
U,V,W

idU⊗cV,W
a−1
U,W,V

cU,W⊗idV

commute. These are called the hexagon axioms .

Remark 2.90. For a strict monoidal category, the hexagon constraints simplify
to

(2.91)

cU⊗V,W = (cU,W ⊗ idV ) ◦ (idU ⊗ cV,W )
and

cU,V⊗W = (idV ⊗ cU,W ) ◦ (cU,V ⊗ idW ) .

Definition 2.92.

(1) A braided monoidal category is a monoidal category together with the structure
of a braiding.

(2) In case the family c=(cU,V ) of isomorphisms satisfies the identity cU,V = c−1
V,U ,

the braided monoidal category is called symmetric.

Exercise 2.93. Show that for any braiding c=(cU,V ) on a monoidal category C,

the family (c−1
V,U ) of isomorphisms is a braiding on C as well.

(Thus a symmetric monoidal category can be characterized as a monoidal category
for which two a priori different braidings actually coincide.)
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Graphical Description 2.94. In the graphical string calculus, we represent the
braiding by a string diagram with an over-crossing of two strands, and its inverse
by an analogous diagram with an under-crossing:

cX,Y =

X Y

Y X

and c−1
X,Y =

Y X

X Y

(For a symmetric category one has c−1
X,Y = cY,X , so that there is no need to distin-

guish over- from under-crossings.) Then e.g. the first of the conditions (2.91) is the
equality

U V ⊗W

V ⊗W U

=

U V W

V W U

among string diagrams.

Note that the bialgebra axiom in Graphical Description 2.30 can now be given sense
in an arbitrary braided monoidal category, by using the braiding in place of the flip
map of vector spaces. Pictorially:

=

Remark 2.95. With the chosen convention of depicting the braiding and its inverse
as string diagrams with over- and under-crossings, the observation in Remark 2.61
generalizes: Any closed graph drawn in R2 with over- and under-crossings whose
components are labeled by objects in a rigid braided category C can be evaluated
to yield an element of Hom(1,1) and thus, in case the monoidal unit 1 is absolutely
simple, a number. This is, for instance, of crucial importance for the construction
of invariants of knots and links and of three-manifolds from representation-theoretic
input data (compare Sections 5.6 and 6.4.3).
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It is, however, worth being aware of the fact that a graph in R2 involving an over-
or under-crossing is actually not a proper graph in R2. Instead, it should be seen
as the projection to R2 of a graph embedded in R3. In other words, the graphical
string calculus for a braided category is really not two-, but three-dimensional.

Remarks 2.96.

(1) The flip map

τ : V ⊗W −→ W ⊗V ,

v⊗w 7−→ w⊗ v

defines a symmetric braiding on the monoidal category Vect(K) of K-vector
spaces. It also induces a symmetric braiding on the category K[G]-mod of
K-linear representations of a group G.

(2) There exist monoidal categories that do not admit a braiding. A simple example
of a monoidal category not admitting any braiding is the category VectG(K)
of G-graded vector spaces for G a non-abelian group. To see this, denote as
in Example 2.47 by Kg the G-graded vector space that is given by the ground
field concentrated in degree g∈G. Then we have

Kg ⊗Kh
∼= Kgh and Kh ⊗Kg

∼= Khg

for g, h∈G. Thus whenever gh 6=hg, the two objects Kg ⊗Kh and Kh⊗Kg are
not isomorphic.

(3) The category VectG(K) admits the flip as a braiding if the group G is abelian.
In the case of G=Z2, objects are Z2-graded vector spaces V0⊕V1. Besides the
flip, there is another symmetric braiding c on this category: On homogeneous
vector spaces, it equals the flip except for the case of two odd vector spaces,
for which it is given by

c : V1⊗W1 −→ W1⊗V1 ,

v1⊗w1 7−→ −w1⊗ v1 .

The so obtained braided monoidal category is called the category of super vector
spaces . (It is worth noting that in some treatments a fixed pivotal structure is
understood as part of the structure of a super vector space, so that a trace is
defined.)
This shows that a monoidal category can admit inequivalent braidings.

(4) As seen in Example 2.15(3), for any d, the monoidal category of d-dimensional
cobordisms admits the disjoint union “⊔ ” as a tensor product. The cylinder
over a disjoint union M1 ⊔M2 of manifolds can be regarded as a cobordism
M1 ⊔M2−→M2 ⊔M1 if the map that identifies the outgoing boundary of the
cylinder with M2 ⊔M1 is chosen accordingly. This prescription yields a sym-
metric braiding for the monoidal structure. For the two-dimensional case, this
will be illustrated in Remark 3.6 below.

Exercise 2.97. Exhibit two different pivotal structures on the category of super
vector spaces.

Remark 2.98. For any positive integer n, we can consider the set of all braids on
n strands – to be understood again as isotopy classes of vertically running braids
in three-dimensional space, similarly as for the graphical calculus in a braided
monoidal category, the only difference being that the braids are not labeled by an
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object. Under concatenation, this set forms a group, called the braid group on n
strands and denoted by Bn. The group Bn is generated by the elements σi, for
i∈{1, 2, ... , n−1}, which braid the ith strand over the i+1 th one. Together with
the relations

σi σj = σj σi for |i−j| ≥ 2
and

σi σi+1 σi = σi+1 σi σi+1 for 1≤ i≤n−2 ,

this provides a description of the group Bn in terms of generators and relations.
Adding σ2

i = e, for every i, as further relations one obtains the symmetric group Sn.
Thus there is a surjective group homomorphism Bn−→Sn. While the symmetric
group Sn has finite order n!, the order of Bn is infinite for all n≥ 2.
As is easily seen via the graphical calculus, for a braided monoidal category C
the nth tensor power X⊗n of any object X ∈C comes with a canonical Bn-action,
namely the one sending the generator σi to the automorphism that is induced by
the braiding isomorphism cX,X : X ⊗X −→X ⊗X inserted at the appropriate place,
i.e. to

X⊗(i−1)⊗X ⊗X ⊗X⊗(n−i−1)

id
X⊗(i−1)⊗cX,X⊗id

X⊗(n−i−1)

−−−−−−−−−−−−−−−−−−−−−→ X⊗(i−1)⊗X ⊗X ⊗X⊗(n−i−1).

This statement is often paraphrased by saying that “X together with cX,X solves
the Yang-Baxter equation”; we refer to Chapter VIII of [Kas] for details.

Having introduced the additional structure of a braiding on categories, we
again need corresponding types of functors and natural transformations that obey
appropriate compatibility conditions:

Definition 2.99.

(1) A monoidal functor (F, ϕ0, ϕ2) from a braided monoidal category C to a braided
monoidal category D is called a braided monoidal functor (or braided functor,
for short) if for any pair of objects (V, V ′) of C the square

F (V )⊗ F (V ′) F (V ⊗V ′)

F (V ′)⊗ F (V ) F (V ′⊗V )

ϕ2(V,V
′)

cD
F (V ),F (V ′)

F (cC
V,V ′ )

ϕ2(V
′,V )

in D commutes.
If the braided monoidal categories C and D have the property of being sym-
metric, a braided monoidal functor between them is also called a symmetric

monoidal functor.

(2) As braided monoidal natural transformations, we take all monoidal natural
transformations.

The natural monoidal structure (2.42) that is carried by the composite G ◦F
of the functors that underlie two braided monoidal functors is again braided.

We are now finally ready to state the complete definition of a topological field
theory:
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Definition 2.100. Let K be an algebraically closed field. A topological field theory

of dimension d is a symmetric monoidal functor

Z : Cobd,d−1 −→ Vect(K) .

Remark 2.101. In the definition one may replace the category Vect(K) by any
symmetric monoidal category. Interesting examples include e.g. categories of com-
plexes of vector spaces.

Let us spell out the contents of Definition 2.100 in more detail: A topological
field theory Z of dimension d is given by the following data:

(1) For every closed oriented manifold M of dimension d−1, a K-vector space
Z(M).

(2) For every oriented cobordism B from a (d−1)-manifoldM to a (d−1)-manifold
N , a K-linear map Z(B) : Z(M)−→Z(N).
Cobordisms that coincide up to a diffeomorphism relative to the boundary (that
is, up to a diffeomorphism that is the identity on ∂B) give the same linear map.

(3) An isomorphism

Z(∅) ∼= K

(with the empty set regarded as a (d−1)-manifold) and a collection of isomor-
phisms

Z(M ⊔N) ∼= Z(M)⊗Z(N) ,

one for each pair of (d−1)-manifolds.

By the functoriality of Z, the gluing of cobordisms is mapped to the composition
of linear maps. Moreover, these data are required to satisfy a number of natural
coherence properties which can be obtained by writing out the structure implied
by the fact that Z is a symmetric monoidal functor.

A closed oriented manifold M of dimension d can be regarded as a cobordism
from the empty (d−1)-manifold to itself, M : ∅−→∅. Thus we have

Z(M) : K ∼= Z(∅) −→ Z(∅) ∼= K

so that Z(M)∈HomK(K,K)∼=K, i.e. Z(M) is a number. This number depends
on the manifold M only up to diffeomorphisms; it thus constitutes the value of an
invariant assigned to every closed oriented manifold of dimension d. The quantities
that the topological field theory assigns to manifolds of dimension d−1 are needed to
build up arbitrary d-dimensional manifolds from simple pieces. That the topological
field theory includes such assignments is thus a necessary ingredient for the locality
of the theory.

Topological field theories with a fixed target category, say Vect(K), and fixed
dimension d form themselves the objects of a category. We denote this category by
[Cobd,d−1,Vect(K)]⊗. Its morphisms are monoidal natural transformations.

Proposition 2.102. Every morphism between d-dimensional topological field the-
ories is invertible, i.e. the category of d-dimensional topological field theories is in
fact a groupoid.
In particular, [Cobd,d−1,Vect(K)]⊗ is a groupoid.

Exercise 2.103. Using Exercise 2.63, prove Proposition 2.102.

For a hint, the reader may consult Theorem 2.5 of [Pst].
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Remark 2.104. Let Z be a d-dimensional topological field theory. Let Σ be a
closed oriented manifold of dimension d−1 and f : Σ−→Σ an orientation preserving
diffeomorphism. Then f gives rise to a cobordism Σ−→Σ, given by the cylinder
Σ× [0, 1] together with the map

Σ ⊔Σ
id×f
−−−−→ Σ ⊔Σ = ∂(Σ× [0, 1]) .

The equivalence class of this cobordism only depends on the isotopy class of the
orientation preserving diffeomorphism f . We denote the resulting morphism in the
cobordism category by Cf : Σ−→Σ. Such a cobordism (class) is often referred to
as a mapping cylinder .
This construction can be used to extract representations of mapping class groups
from a topological field theory: The mapping class group Map(Σ) of Σ is by defini-
tion the group of isotopy classes of orientation preserving diffeomorphisms Σ−→Σ.
By setting

Map(Σ)
Aut
−−−→ (Z(Σ)) , [f ] 7−→ Z(Cf )

one then obtains an action of the mapping class group of Σ on Z(Σ).
The reader is encouraged to check the statements in this Remark in detail.

We now indicate how to describe a braiding on the monoidal category of mod-
ules over a bialgebra.

Definition 2.105.
(1) Let H be a bialgebra. The structure of a quasi-cocommutative bialgebra on H

is the choice of an invertible element R in the algebra H ⊗H such that

∆copp(x)R = R∆(x) for all x∈H .

The element R is called a universal R-matrix.
A quasi-cocommutative Hopf algebra is a Hopf algebra together with the choice
of a universal R-matrix.

(2) A quasi-cocommutative bialgebra H is called quasi-triangular if its universal
R-matrix obeys the relations

(∆⊗ idH)(R) = R13R23 and (idH ⊗∆)(R) = R13R12

in H ⊗H ⊗H , where R12 :=R⊗ 1, R23 := 1⊗R and

R13 := (τH,H ⊗ idH)(1⊗R) .

(3) A morphism f : (H,R)−→ (H ′, R′) of quasi-triangular Hopf algebras is a mor-
phism f : H −→H ′ of Hopf algebras such that R′ =(f ⊗ f)(R).

Example 2.106. Consider the cocommmutative Hopf algebra K[Z2] for K a field
of characteristic different from 2. Write Z2 as {e, g}. Then

R := 1
2 (βe⊗βe + βe⊗βg + βg ⊗ βe − βg ⊗ βg)

is a universal R-matrix for K[Z2].

The four-dimensional Taft Hopf algebra H2 from Example 2.81 admits a one-para-
meter family of R-matrices [Kas, p. 174].

Exercise 2.107. Let A be a bialgebra. The monoidal category A-mod is braided
if and only if A is quasi-triangular. The two structures are in bijection. To prove
this, show:
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(1) If A is quasi-triangular with R-matrix R, then for any pair U, V of left A-mo-
dules, the linear map

cRU,V : U ⊗V −→ V ⊗U ,

u⊗ v 7−→ τU,V (R (u⊗v)) = R2 v⊗R1 u

defines a braiding on A-mod.
Here we use the abbreviation R=R1⊗R2 for R∈A⊗A, in a similar spirit as
in the Sweedler notation for the coproduct.

(2) Conversely, suppose that the categoryA-mod is endowed with a braiding. Then
the element

R := τA,A(cA,A(1A⊗ 1A)) ∈A⊗A

is an R-matrix for A and the braiding defined by this R-matrix is the original
braiding.
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CHAPTER 3

Topological field theories in dimension 1 and 2

In Definition 2.100 we have introduced the notion of a topological field theory
in any dimension d. We now proceed by investigating topological field theories for
small values of d. In dimension one or two, classical results allow us to a describe a
topological field theory in terms of algebraic structures that are sufficiently simple
such that they are also studied for reasons independent of TFT.

3.1. One-dimensional topological field theories

By definition, a one-dimensional topological field theory is a symmetric mono-
idal functor

Z : Cob1,0 −→ Vect(K) .

The functor Z assigns a vector space Z(M) to every closed oriented 0-manifoldM ,
i.e. to every finite set of oriented points. Since Z is a monoidal functor, it suffices to
know its values Z(•,+) and Z(•,−) on the positively and negatively oriented point.
Note that according to Remark 2.64 these vector spaces are finite-dimensional and
are dual to each other. Setting V :=Z(•,+) it follows that on any 0-manifold M
the value of Z is

Z(M) ∼=
(⊗

x∈M+

V
)
⊗
(⊗

y∈M−

V ∗
)
,

with M±⊂M the subsets of positively and of negatively oriented points, respec-
tively.

We must also give the value of Z on any one-manifold B with boundary. Since
Z is a monoidal functor, it suffices to specify the linear map Z(B) for the case that
B is connected. There are precisely two such one-manifolds B up to diffeomorphism:
B is diffeomorphic either to a closed interval [0, 1] or to a circle S1. There are then
five cases to consider, which differ by the way we interpret the one-dimensional
manifold B with boundary as a cobordism:

(1) Suppose that B= [0, 1], regarded as a cobordism from the positive point (•,+)
to itself.
Then Z(B) is the identity map idV : V −→V , since any functor preserves iden-
tities.

(2) Suppose that B= [0, 1], regarded as a cobordism from the negative point (•,−)
to itself.
Then Z(B) is the identity map id : V ∗−→V ∗, again because any functor pre-
serves identities.

(3) Suppose that B= [0, 1], regarded as a cobordism from the disjoint union (•,+)
⊔ (•,−) to the empty set.
Then Z(B) is a linear map from V ⊗V ∗ into the ground field K, namely the
evaluation map (v, λ) 7→ λ(v). (This follows e.g. from Exercise 2.63.)
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104 3. TOPOLOGICAL FIELD THEORIES IN DIMENSION 1 AND 2

Since the functor Z is not just monoidal, but even symmetric monoidal, the
evaluation of Z on the cobordism from (•,−)⊔ (•,+) to the empty set can be
described analogously.

(4) Suppose that B= [0, 1], regarded as a cobordism from the empty set to the
disjoint union (•,+)⊔ (•,−).
Then Z(B) is a linear map from K to the vector space

Z((•,+)⊔ (•,−)) ∼= V ⊗V ∗ ∼= End(V ) .

This linear map is given by the coevalution x 7→x idV .

Again, we can exchange the order of the objects, thanks to symmetry of Cob1,0.

(5) Suppose that B=S1, which is to be regarded as a cobordism from the empty
set to itself.
Then Z(B) is a linear map from the field K to itself, which can thus be iden-
tified with an element of K. To determine this element, decompose the circle
S1∼= {z∈C | |z|=1} into two intervals

S1
− := {z∈S1 | Im (z)≤ 0} and S1

+ := {z∈S1 | Im (z)≥ 0}

with intersection

S1
− ∩ S

1
+ = {1 ,−1} ⊂ S1.

It follows that Z(S1) is the composition

K ∼= Z(∅)
Z(S1

−)
−−−−−→ Z({1,−1})

Z(S1
+)

−−−−−→ Z(∅) ∼= K

of linear maps. These maps are the ones described in the cases (3) and (4)
above. Thus after choosing a basis (vi)i∈I of V and a dual basis (βi)i∈I of V ∗,
we get the map

K ∼= Z(∅) −→ Z({±1}) ∼= V ⊗V ∗−→ Z(∅)∼=K ,

λ 7−→ λ
∑

i β
i⊗ vi 7−→ λ

∑
i β

i(vi) = λ dimV.

We thus conclude that the number Z(S1) is the dimension of the vector space
V =Z(•,+).

Note that via the functor Z, the category Cob1,0 – one of the simplest geometric
systems – has led us to one of the most fundamental algebraic systems: a finite-
dimensional vector space with its dual and its tensor powers, and with the dimension
of the vector space as an invariant. In fact, a one-dimensional topological field
theory leads precisely to these data, in the sense that the following classification is
valid:

Theorem 3.1. Evaluation on the positively oriented point yields an equivalence

[Cob1,0,Vect(K)]⊗
≃
−→ Vect(K)×

from the groupoid of one-dimensional topological field theories to the maximal
subgroupoid Vect(K)×⊂Vect(K) of the category of finite-dimensional vector spaces.

That evaluation on the positively oriented point provides a functor to Vect(K)×

is clear from the discussion above and Proposition 2.102. Theorem 3.1 makes the
stronger statement that from an oriented one-dimensional topological field theory
we cannot only extract a finite-dimensional vector space, but that this vector space
is indeed equivalent to giving an oriented one-dimensional topological field theory.
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3.1. ONE-DIMENSIONAL TOPOLOGICAL FIELD THEORIES 105

This is strongly suggested by the fact that, for any one-dimensional topological field
theory Z, all morphisms in Cob1,0 (we have already listed all of them) give us either
the identity of Z(•,+) or the (co)evaluation of the dualizable vector space Z(•,+).
This can be turned into a formal proof, see Section 2.5 of [Saf] for more details.

Remark 3.2. In the literature, topological field theories (or TFTs, for short) are
often alternatively referred to as topological quantum field theories (or TQFTs). A
justification of this terminology is to realize that in physics, one-dimensional field
theories are frequently related to mechanical systems, so that it is natural to think
of a one-dimensional topological field theory in terms of an, admittedly very simple,
quantum mechanical system.

To corroborate this point of view, we reason as follows. To a point, the one-dimensi-
onal topological field theory assigns a vector space V . We interpret this vector space
as the space of states of a quantum mechanical system. (The reader might expect
that we actually deal with a Hilbert space. But as our framework is algebraic, it
does not allow us to anticipate a Hilbert space structure and unitary operators.) To
a closed interval, the topological field theory assigns a linear endomorphism of V ;
we interpret this endomorphism as the time evolution operator U of the quantum
mechanical system. Now by construction U is actually the identity endomorphism
of V , so it amounts to trivial time evolution and hence to a Hamilton operator
H =0. This behavior might appear unattractive, but it is in fact perfectly appro-
priate. Indeed, in applications the vector space V models, quite generally, a space
of ground states rather than the full state space of a system. Since each ground
state has the same energy eigenvalue, the time evolution on the space of ground
states is a scalar multiple of the identity, and the value of the scalar does not have
any intrinsic meaning. The only invariant of the system is the degeneracy dimV of
the space of ground states.

This idea has important ramifications for higher-dimensional topological field the-
ories. It can be made very explicit for three-dimensional theories, e.g. in the frame-
work of Kitaev models. For these, the vector space assigned by the TFT to a surface
is the space of ground states of a set of commuting idempotents [BuMCA].

In this context, the linear map associated to the coevaluation in the cobordism cat-
egory describes an “exotic time evolution” not customarily considered in quantum
physics: Starting out with a trivial system with a one-dimensional state space, a
non-trivial system consisting of two coupled subsystems is created. Analogously,
the evaluation describes the simultaneous disappearance of two quantum mechan-
ical systems. Since this exotic behavior arises from the presence of dualities, it is
ultimately responsible for the fact that the theory describes systems with finite-
dimensional state spaces, compare Lemma 2.62.

Remark 3.3. In Theorem 3.1 we may replace the symmetric monoidal category of
vector spaces over a field with any other symmetric monoidal category C. We then
obtain an equivalence from one-dimensional topological field theories with values
in C to the groupoid of dualizable objects in C.
This way we find, for example, that a one-dimensional topological field theory with
values in the category R-mod of left modules over a commutative ring R can equi-
valently be described as a dualizable R-module.

Exercise 3.4. Show that a module over a commutative ring R is dualizable if and
only if it is finitely generated and projective.
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Hint: To show that a finitely generated projective module is dualizable, one can
first prove that dualizable objects are preserved under direct sums and retracts.
Knowing that any finitely generated projective R-module is a retract of R⊕n for
some n≥ 0, one can then reduce the statement to the dualizability of R.
For the converse, one can first use the Yoneda Lemma to see that the (left and
right) dual module M∨ of some R-module, provided it exists, is isomorphic to the
R-module HomR(M,R). Finite generation and projectiveness then follow from the
snake relations.

3.2. Topological field theories in dimension 2

Not surprisingly, characterizing two-dimensional topological field theories is
richer than the one-dimensional case. However also in dimension two, topological
field theories can be described in terms of customary algebraic data.

A two-dimensional topological field theory Z assigns a finite-dimensional vec-
tor space Z(M) to every closed oriented one-manifold M . Any such manifold is
diffeomorphic to a finite disjoint union of circles, M ∼=(S1)⊔n for some n≥ 0. Since
Z is monoidal, we have

Z(M) ∼= A⊗n with A := Z(S1)

a finite-dimensional vector space.
As already mentioned in Example 1.39, the monoidal category Cob2,1 is gen-

erated under composition and disjoint union by the following six cobordisms: the
cap (or disk, with the boundary circle being outgoing), the trinion (also called pair
of pants), the cylinder, the opposite trinion which has two outgoing circles, the
opposite cap (a disk with one incoming circle), and a pair of exchanging cylinders.
In pictures,

(3.5)

cap: opposite cap:

trinion: opposite trinion:

cylinder: exchanging cylinders:
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Remark 3.6. Concerning the picture for the exchanging cylinders a word of warn-
ing is in order: It is an attempt to visualize a cobordism S1 ⊔S1−→S1 ⊔S1, and
does not show a two-manifold embedded in R3. Indeed, according to Definition
1.36 any such cobordism is represented by the two-manifold B := (S1 ⊔S1)× [0, 1]
– i.e. the disjoint union of two cylinders over the circle – together with two maps
Φ1,2 : S

1 ⊔S1−→B. In the case of the exchanging cylinders, these maps are as
follows. Denote points in the first summand of S1 ⊔S1 by (z, 1), points in the sec-
ond summand by (z, 2), with z ∈S1, and points in B by triples (z, t, i) with z ∈S1,
t∈ [0, 1] and i∈{1, 2}. Then we have Φ1((z, i))= (z, 0, i) and Φ2((z, i))= (z, 1, 3−i).
Thus the two circles in the left hand part of the picture show the first summand
in S1 ⊔S1, while those on the right hand part show the second summand. In the
visualization, this leads to an apparent crossing of the two cylinders.

Applying the functor Z to the generating cobordisms yields the following linear
maps:

cap η : K−→A ,

trinion µ : A⊗A−→A ,

cylinder idA : A−→A ,

opposite trinion ∆ : A−→A⊗A ,

opposite cap ε : A−→K ,

exchanging cylinders τ : A⊗A−→A⊗A .

The relations between the cobordisms just listed imply that A has the structure of
a commutative Frobenius algebra. (For a careful exposition of Cob2,1 in terms of the
generators (3.5) and their relations see [Ab] and Chapter 1.4 of [Koc].) This insight
will in fact lead to a classification of two-dimensional topological field theories
by commutative Frobenius algebras. We are going to introduce the notion of a
Frobenius algebra in the next subsection. Frobenius algebras also occur in other
areas; for instance, the cohomology rings of any compact oriented manifold has a
natural structure of a Frobenius algebra.

3.3. Frobenius algebras

We have seen that the evaluation of a two-dimensional topological field theory
on the trinion gives a map µ : A⊗A−→A. It is easily verified that this map is
associative and unital, i.e. it endows A with the structure of an (associative, unital)
algebra. Similarly, the linear map ∆: A−→A⊗A obtained by evaluation on the
opposite trinion, which has domain and codomain exchanged as compared to the
product, satisfies a dual version of associativity and unitality. This turns A into a
(coassociative, counital) coalgebra.

Also note that via multiplication from the left and right, respectively, A is, as
any associative algebra, a bimodule over itself. Similarly, A⊗A becomes an A-
bimodule via left multiplication on the first tensor factor and right multiplication
on the second tensor factor, respectively.

Definition 3.7. Let (A, µ, η) be a unital associative algebra over a field K, and
require that the unit of A is not zero.
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(1) A (∆, ε)-Frobenius structure on A is the structure of a coassociative, counital
coalgebra (A,∆, ε) such that ∆: A−→A⊗A is a morphism of A-bimodules.

(2) A κ-Frobenius structure on A is a bilinear pairing κ∈HomK(A⊗A,K) that is
invariant (or associative), i.e. satisfies

κ ◦ (µ⊗ idA) = κ ◦ (idA⊗µ) ,

and that is non-degenerate.

Graphical Description 3.8. In terms of string diagrams, the bimodule condition
in the definition of a (∆, ε)-Frobenius structure reads

= =

where all lines are labeled by A.

Exercise 3.9. Show – for instance graphically – that any of the two equalities in
the definition of a (∆, ε)-Frobenius structure follows from the other when combined
with the algebra and coalgebra relations.

The notions of a (∆, ε)-Frobenius structure and of a κ-Frobenius structure on
an algebra (A, µ, η) are equivalent – accordingly, an algebra equipped with any of
these structures is just called a Frobenius algebra. More concretely, we have:

(1) If (A, µ, η,∆, ε) is an algebra with a (∆, ε)-Frobenius structure, then (A, µ, η, κε)
with

κε := ε ◦ µ

is an algebra with κ-Frobenius structure.

(2) Let (A,m, η, κ) be an algebra with a κ-Frobenius structure. Owing to the non-
degeneracy of the bilinear form κ, there exists an isomorphism Φκ ∈Hom(A,A∗)
of vector spaces. Introduce the morphisms

∆κ := (idA ⊗ µ) ◦ (idA ⊗ Φ−1
κ ⊗ idA) ◦ (bA ⊗ idA) and

εκ := κ ◦ (idA ⊗ η) .

Then (A, µ, η,∆κ, εκ) is an algebra with (∆, ε)-Frobenius structure.

Definition 3.10.

(1) A morphism φ : A−→B of Frobenius algebras (treated as (∆, ε)-Frobenius al-
gebras) is a linear map that is an algebra morphism and a coalgebra morphism.

(2) We denote by Frob and cmFrob the category of Frobenius algebras and the one
of commutative Frobenius algebras (over a fixed field), respectively.

Lemma 3.11. The categories Frob and cmFrob are groupoids.

Proof. Since cmFrob⊂Frob is a full subcategory of Frob, it suffices to prove
the statement for Frob. To do so, we first observe that the non-degeneracy of
the pairing κA : A⊗A−→K of a Frobenius algebra A implies that the null space
N(εA) := {a∈A | εA(a)= 0} does not contain any non-trivial (i.e., different from 0
or A) left or right ideals of A. To see this, consider for a∈N(εA) the left ideal I(a)
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generated by a. If I(a)⊆N(εA), then for every b∈A we have ba∈N(εA) so that
εA(ba)= 0, thus contradicting the non-degeneracy of εA unless a=0. Since I(a) is
the smallest left ideal containing a, we conclude that for a 6=0 the null space N(εA)
cannot contain any left ideal containing a. Analogously, N(εA) cannot contain any
right ideal, nor any two-sided ideal, except for the null ideal.

Consider now a morphism φ : A−→B of Frobenius algebras and assume that a∈ kerφ.
Then we have εA(a)= εB(φ(a))= 0, and hence kerφ⊆N(εA)= {0}. This proves
that φ is injective.

Next observe that A∗ and B∗ endowed with the dual structure maps are again
Frobenius algebras. Then φ∗ : B∗−→A∗ is a map of Frobenius algebras as well, and
therefore injective by the previous argument. This shows that φ is surjective. �

Remark 3.12. There are finite-dimensional algebras which do not admit any struc-
ture of a Frobenius algebra [SkY1]. Such an algebra is necessarily non-semisimple
– in the case of algebras over the complex numbers, it is not isomorphic to a direct
sum of full matrix algebras.

For the interested reader we mention that such an algebra can still be self-injective,
also called quasi-Frobenius, which means that it is injective as a module over itself
or, equivalently, that all projective modules are injective and vice versa. In this
class of algebras, the smallest algebra that does not admit a Frobenius structure
is nine-dimensional [SkY2, p. 391]. Self-injective algebras are Morita equivalent to
Frobenius algebras, which in particular implies that the property of admitting a
Frobenius structure is not preserved under Morita equivalence. For further details,
see e.g. Chapter IV.3 of [SkY2].

Remark 3.13. Frobenius algebras cannot only be defined in the symmetric mono-
idal category of vector spaces, but in fact in any monoidal category [FucS] – it
is not needed that the tensor product is symmetric. In particular, the notions of
an algebra and of a coalgebra, and hence also the one of a (∆, ε)-Frobenius alge-
bra, generalizes in a straightforward manner. The required compatibility between
product and coproduct as displayed in Graphical Description 3.8 can then directly
be interpreted in the string calculus of the ambient monoidal category. Frobenius
algebras in not necessarily symmetric monoidal categories play an important role in
the construction of consistent systems of correlators in two-dimensional conformal
field theories [RuFFS, FS3, FSWY]. For the Frobenius algebras occurring in this
application, the κ-Frobenius structure is a symmetric pairing.

3.4. Classifying two-dimensional topological field theories

One can classify all relations between the generators of Cob2,1 that were shown
in Section 3.2, see [Koc, 1.4.24 – 1.4.28]. The relations can be summarized as the
statement that the category Cob2,1 is the free symmetric monoidal category on a
commutative Frobenius object. This leads to the following result:

Theorem 3.14. Evaluation on the circle yields an equivalence

[Cob2,1,Vect(K)]⊗ ≃ cmFrob

from the groupoid of two-dimensional topological field theories to the groupoid of
commutative Frobenius algebras.
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Remark 3.15. The phrase ‘evaluation on the circle’ used here is a common slight
abuse of language. The value that a two-dimensional topological field theory attains
on the circle is clearly just a vector space. But it is understood that we also ac-
count for the evaluation on other genus-zero surfaces so as to obtain the Frobenius
structure, as explained in Section 3.2.

According to Theorem 3.14, the description of Cob2,1 in terms of generators and
relations tells us how to obtain a two-dimensional topological field theory from a
commutative Frobenius algebra. We illustrate this result in the following exercise:

Exercise 3.16. Let A be a commutative complex Frobenius algebra that is in ad-
dition semisimple, i.e. is a direct sum of full matrix algebras. Then we can find a
basis of commuting idempotents e1, e2, . . . , en ∈A, satisfying eiei= ei and eiej =0
for i 6= j.

The structure of a Frobenius algebra is then determined by the non-zero complex
numbers ε(ei) =: λi for i=1, 2, ... , dimA. For a commutative semisimple algebra,
we thus have a whole family of different Frobenius structures.

(1) Show that the natural identification Φ−1 : A∨−→A resulting from the Frobenius
algebra structure identifies e∗i with λ−1

i ei.

(2) Show that the 2-holed torus maps to the endomorphism of A that is given by
ei 7→λ−1

i ei.

(3) Use a decomposition of a cobordism into pairs of pants and caps to show that
a closed surface Σg of genus g maps to the complex number

(3.17) Z(Σg) =

dimA∑

i=1

λ1−gi .
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CHAPTER 4

Dijkgraaf-Witten topological field theories

In this chapter we present the construction of a topological field theory that is
based on the gauge theory for a finite group G as discussed in Section 2.1. Owing to
its origin in [DiW], the so obtained topological field theories are known as Dijkgraaf-

Witten theories. These theories were further elaborated and developed in e.g. [FrQ,
Mor3,ScW]. While our interest is primarily in three-dimensional models, Dijkgraaf-
Witten theories provide examples of topological field theories in any dimension.

4.1. Finite path integrals and groupoid cardinality

Our aim is to associate to any finite group G a geometric construction of a
topological field theory functor, to be denoted by ZG. To achieve this, we use
linearization techniques for essentially finite groupoids, following in particular the
exposition in [BaeHW] and [Mor1]. In the present section we focus on the invariants
that ZG assigns to closed manifolds of top dimension.

Our starting point is to take up the idea, already put forward in the heuristic
ansatz (2.3), that to a closed oriented d-dimensional manifold we can assign a num-
ber ZG(M) by means of a “path integral”:

(4.1) ZG(M) = “
∫

BunG(M)

dΦ eiS[Φ] ”.

Here BunG(M) is the groupoid of G-bundles over M , as introduced in Definition
1.30. Let us emphasize again that a priori this path integral is merely a heuristic
expression. The challenge is to make precise sense of it in the situation at hand. We
have already made a first step towards achieving this goal by realizing that the field
configurations of a quantum field theory form a category – in the present context,
the groupoid BunG(M). For achieving it in full it will be crucial to organize also
other pertinent quantities in categorical terms.

In the case of a path integral (4.1) with vanishing action, S[Φ]= 0, the challenge
amounts to finding a suitable measure of ‘size’ or ‘volume’ for the essentially finite
groupoid BunG(M). Such a measure should depend on the groupoid only up to
equivalence. This is afforded by means of the concept of groupoid cardinality, which
we are going to discuss now.

Definition 4.2. A covering map of groupoids is a functor F : Γ−→Ω of groupoids
which is surjective on objects and which satisfies the following unique path lifting

property: For every morphism p : y1−→ y2 in Ω and every object x1 in Γ for which
F (x1)= y1, there exists a unique morphism p′ : x1−→x2 in Γ such that F (p′)= p.

A covering map is called n-sheeted, with n∈N, if the preimage of every object in
Ω consists of n objects in Γ.

111
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Exercise 4.3. Show that any group homomorphism H −→G gives rise to a functor
∗//H−→∗//G of one-object groupoids as in Example 1.24(1).
Under which conditions is such a functor a covering map?

Let Φ : Γ−→Ω be a functor between groupoids. Since it is in general not mean-
ingful to ask whether objects in a category are equal, the fiber Φ−1(y) of (the object
function of) Φ over some y ∈Ω is not invariant under equivalence of groupoids. To
resolve this problem, for y∈Ω we define the homotopy fiber of Φ over y, to be
denoted by using square brackets, i.e. as Φ−1[y], as the groupoid whose objects are
pairs (x, g) consisting of an object x∈Γ and a morphism g : Φ(x)−→ y in Ω, and
for which a morphism (x, g)−→ (x′, g′) in Φ−1[y] is a morphism h : x−→x′ in Γ such
that g′ ◦Φ(h)= g.

Exercise 4.4. Assume that the automorphism group Aut(y) of an object y in a
groupoid Ω is finite. Show that for any functor Φ : Γ−→Ω of groupoids the forgetful
functor Φ−1[y]−→Γy to the full subgroupoid Γy⊂Γ that consists of all x∈Γ such
that Φ(x)∼= y is an |Aut(y)|-sheeted covering map.

Exercise 4.5. Let ϕ : H −→G be a group homomorphism and let Φ: ∗//H−→∗//G
be the functor constructed in Exercise 4.3.
Compute the homotopy fiber Φ−1[∗G].

Proposition 4.6. There is a unique function | · |, called groupoid cardinality, that
assigns to an essentially finite groupoid Γ a rational number |Γ| that obeys the
following axioms:

(1) Normalization:
|∗| = 1, where ∗ is the groupoid with one object and with one morphism (the
identity morphism id∗).

(2) Homotopy invariance:
If the groupoids Γ and Ω are equivalent, then |Γ| = |Ω| .

(3) Additivity under disjoint union of groupoids: |Γ⊔Ω| = |Γ|+ |Ω| .

(4) Covering property:
If there is an n-sheeted covering map Γ−→Ω, then |Γ| = n |Ω| .

Proof. When combined with Remark 1.76, homotopy invariance and addi-
tivity imply that the groupoid cardinality is completely determined by the way it
behaves on one-object groupoids BG= ∗//G with G a finite group. Denote by EG
the action groupoid for the left regular action of G on itself. The obvious functor

EG−→BG that sends the morphism g
hg−1

−−−−→h in EG to the morphism hg−1 ∈G
in ∗//G is a |G|-sheeted covering. On the other hand, EG−→∗ is an equivalence,
because the left regular action is transitive and free. The normalization axiom thus
gives |EG|=1. The covering axiom then implies that |BG|=1/|G|. �

Remark 4.7. Instead of groupoid cardinality, also the term Euler characteristic

(for groupoids) is in use.

The groupoid cardinality will play a crucial role in our exposition of Dijkgraaf-
Witten theories. If the ground field K has characteristic zero, then the rational
numbers form a subfield of K and the groupoid cardinality can be identified with
an element of K.

The proof of Proposition 4.6 directly leads to a formula for the groupoid car-
dinality:
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Corollary 4.8. The groupoid cardinality of an essentially finite groupoid Γ is given
by the rational number

|Γ| =
∑

[g]∈π0(Γ)

1

|Aut(g)|
,

where π0(Γ) is the set of isomorphism classes of Γ.

The groupoid cardinality has further properties, besides those already stated,
which make it a natural measure of the size of a groupoid.

Exercise 4.9. Let Γ and Ω be essentially finite groupoids. Show that their product
Γ×Ω is essentially finite, too, and that its groupoid cardinality is |Γ×Ω| = |Γ|·|Ω| .

Hint: Verify that the function | −×Ω| / |Ω| satisfies the axioms in Proposition 4.6.

Example 4.10. For S a finite set and G a finite group acting on S, the groupoid
cardinality of the action groupoid S//G is given by

(4.11) |S//G| = |S| / |G| .

A corresponding equality does, in general, not hold for the set-theoretic cardinality
of the set-theoretic quotient.

One idea that leads to a proof of the formula (4.11) is to replace the action
groupoid S//G by another action groupoid for which the action is free. To this
end, we consider the left regular action of G on itself and the resulting diag-
onal G-action on S×G. This action is free, and the set of orbits is given by
(S×G)/G ∼= S. It now follows directly from Corollary 4.8 that |(S×G)//G|= |S|.
Since the projection S×G−→S to the first factor is a G-equivariant map, we ob-
tain a functor (S×G)//G−→S//G of groupoids. It can be shown that this func-
tor is a |G|-sheeted covering. By the covering property one then concludes that
|S|= |(S×G)//G|= |G| |S//G|.

Exercise 4.12. Work out a (slightly) different proof of the statement made in
Example 4.10 that reduces it to the orbit-stabilizer theorem.
Find a counterexample to the statement in the case that the groupoid cardinality
is replaced by the set-theoretic cardinality of the set-theoretic quotient.

Remark 4.13. From the computation in Exercise 4.12 one may infer that large
orbits make large contributions to the groupoid cardinality of an action groupoid.
This allows us to think of groupoid cardinality indeed as a kind of volume of a
groupoid. Also note that the presence of non-trivial stabilizers decreases the vol-
ume; this is a crucial feature of groupoid cardinality.

Example 4.14. Let M be a closed oriented manifold and G a finite group. By
Corollary 1.77 the groupoid BunG(M) of G-bundles over M is essentially finite, so
that we can use the groupoid cardinality |BunG(M)

∣∣ to give meaning to the path

integral
∫
BunG(M)dΦ in (4.1). If M is connected, then by combining Proposition

1.73(3) and Example 4.10 one sees that the groupoid cardinality of BunG(M) can
be expressed in terms of the fundamental group of M as

(4.15)
∣∣BunG(M)

∣∣ = |Hom(π1(M), G)|

|G|
.

Subsuming the observations above, we are led to define the invariant

(4.16) ZG(M) := |BunG(M)|
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for any closed oriented manifold M . This invariant is multiplicative under disjoint
union of manifolds, as befits an invariant for closed oriented manifolds that comes
from a topological field theory.

Example 4.17. It is instructive to compute this invariant for the one-dimensional
circle S1. The fundamental group of S1 is Z, so that

Hom(π1(S
1), G) ∼= Hom(Z, G) ∼= G .

Thus Equation (4.15) gives |BunG(S1)|= |G|/|G|=1.

Remark 4.18. The outcome of this calculation is a particular case of the general
result (see e.g. Example 4.11(1) in [Ca]) that there are no non-trivial state-sum
topological field theories in dimension d=1.

Exercise 4.19. Compute the invariant (4.16) forM being the three-sphere S3 and
for M =S2×S1.
(This computation requires the knowledge of the fundamental groups of these three-
manifolds; they are π1(S

3)= 0 and π1(S
2×S1)=Z.)

4.2. Towards Dijkgraaf-Witten theory

Our next goal is to use locality properties of G-bundles to extend the manifold
invariant ZG(M) to a topological field theory ZG, the so-called Dijkgraaf-Witten

theory [DiW]. To achieve this, we make use of the following procedure, which is
often referred to as the linearization of (spans of) groupoids ; again we largely fol-
low [BaeHW].

Definition 4.20. An invariant function f on a groupoid Γ is the assignment of an
element f(x)∈K to every object x∈Γ in such a way that f(x)= f(y) if x∼= y in Γ.
We denote by F(Γ) the vector space of invariant functions on Γ.

Remark 4.21. For any object x∈Γ we can define an invariant function δx by set-
ting δx(y) := 1 if x ∼= y and δx(y) := 0 otherwise. We may regard δx as a ‘delta func-
tion’ concentrated on the isomorphism class of x. For an essentially finite groupoid
Γ, the set (δx)[x]∈π0(Γ) forms a basis of the space F(Γ) of invariant functions.

Remark 4.22. Obviously, an invariant function on a groupoid Γ amounts to a
function on the set π0(Γ) of isomorphism classes of Γ. Furthermore, for any pair of
groupoids Γ and Ω there is a natural isomorphism F(Γ)⊗KF(Ω)∼=F(Γ×Ω).

Next we observe that given a functor Φ : Γ−→Γ′ of groupoids, we get a pullback
of invariant functions, the linear map

(4.23)
Φ∗ : F(Γ′) −→ F(Γ) ,

f ′ 7−→ f ′ ◦ Φ .

Moreover, we have (Φ ◦Φ′)∗ =(Φ′)∗◦Φ∗ for composable functors between groupoids,
and naturally isomorphic functors give rise to the same pullback map. As a conse-
quence, the pullback map associated to an equivalence of groupoids is an isomor-
phism of vector spaces.

As a further ingredient of the construction of Dijkgraaf-Witten theory we need,
for any functor Φ : Γ−→Γ′ between essentially finite groupoids, a pushforward linear
map Φ∗ : F(Γ)−→F(Γ

′), in the direction opposite to the one of the map (4.23). If
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both F(Γ) and F(Γ′) were endowed with the structure of a symmetric non-dege-
nerate bilinear form 〈− ,−〉, then we could define Φ∗ to be the adjoint map of Φ∗,
i.e. characterize Φ∗ by the property

〈Φ∗f , f
′〉 = 〈f , Φ∗f ′〉

for f ∈F(Γ) and f ′ ∈F(Γ′).
Now indeed, the notion of groupoid cardinality suggests a very natural choice of

a symmetric non-degenerate bilinear form. To present the latter, we introduce the
notion of an integral of an invariant function with respect to groupoid cardinality:

Definition 4.24. Let Γ be an essentially finite groupoid and f ∈F(Γ). We set
∫

Γ

f :=
∑

[x]∈π0(Γ)

f(x)

|Aut(x)|
∈ K .

This number is called the integral of f over Γ.

To emphasize the terminology ‘integral’, we also write suggestively
∫

Γ

f ≡

∫

Γ

f(x) dx

using a dummy variable x.

Exercise 4.25. Compute the integral over the constant function f =1, i.e. f(x)= 1
for every [x]∈ π0(Γ).

A few basic facts about the integral with respect to groupoid cardinality are
recorded in the following exercise.

Exercise 4.26.

(1) Let Φ : Γ−→Ω be an equivalence of essentially finite groupoids, and let f be an
invariant function on Ω.
Show that the transformation formula∫

Γ

Φ∗f =

∫

Ω

f

holds.

(2) Let Ψ : Γ−→Ω be an n-sheeted covering of essentially finite groupoids.
Show that for any invariant function f on Ω the formula

∫

Γ

Ψ∗f = n

∫

Ω

f

holds.

(3) Prove the following statement, which is known as Cavalieri’s principle:
Let Φ : Γ−→Ω be a functor of essentially finite groupoids. Then

(4.27) |Γ| =

∫

Ω

∣∣Φ−1[y]
∣∣dy

with Φ−1[y] the homotopy fiber, as introduced on page 112.

Lemma 4.28. Let Φ : Γ−→Ω be a functor of essentially finite groupoids and f an
invariant function on Γ. Then

(4.29)

∫

Γ

f =

∫

Ω

∫

Φ−1[y]

Q∗
yf dy ,

Author's preliminary version made available with permission of the publisher, the American Mathematical Society



116 4. DIJKGRAAF-WITTEN TOPOLOGICAL FIELD THEORIES

where Qy : Φ
−1[y]−→Γ is the canonical forgetful functor from the homotopy fiber

over y to Γ.

Proof. Since the integral with respect to groupoid cardinality is linear, it is
sufficient to consider the case that f = δ[x] for some x∈Γ, where δ[x] is the function
that takes the value 1∈K on all objects isomorphic to x and is zero everywhere
else. We can then restrict Φ to the full subgroupoid Γx of objects in Γ isomorphic
to x and obtain ∫

Γ

f = |Γx| =

∫

Ω

∣∣(Φ|Γx
)−1

[y]
∣∣dy

by Cavalieri’s principle (4.27). But (Φ|Γx)
−1

[y] is the full subgroupoid of Φ−1[y] that
consists of all objects that under Qy : Φ

−1[y]−→Γ project to an object isomorphic

to x. This implies the equality
∣∣(Φ|Γx)

−1
[y]
∣∣ =

∫
Φ−1[y]Q

∗
yf , and thus proves the

claim. �

Definition 4.30.

(1) Let Γ be an essentially finite groupoid. We define a symmetric non-degenerate
bilinear form 〈− ,−〉 on F(Γ) by

(4.31) 〈f , f ′〉 :=

∫

Γ

f(x)f ′(x) dx

for f, f ′ ∈F(Γ).

(2) For a functor Φ : Γ−→Ω between essentially finite groupoids we denote the
adjoint of the linear map Φ∗ with respect to the bilinear form 〈− ,−〉 by Φ∗.

The following result provides a more explicit expression for the adjoint Φ∗:

Proposition 4.32. For any functor Φ : Γ−→Ω between essentially finite groupoids
we have

(4.33) (Φ∗f)(y) =

∫

Φ−1[y]

Q∗
yf =

∫

Φ−1[y]

f(x) d(x, h)

for f ∈F(Γ) and y ∈Ω, where Qy : Φ−1[y]−→Γ is the canonical forgetful functor
from the homotopy fiber over y to Γ.
(The dummy variable (x, h) on the right hand side of (4.33) is in Φ−1[y] and thus

is a pair consisting of x∈Γ and h : Φ(x)
∼=
−→ y.)

Proof. For any function f ∈F(Γ) we define f ′(y) :=
∫
Φ−1[y]

f(x) d(x, h) for

y∈Ω. Then f ′ ∈F(Ω), and for g∈F(Ω) we get

〈f ′, g〉 =

∫

Ω

( ∫

Φ−1[y]

f(x) d(x, h)
)
g(y) dy

=

∫

Ω

( ∫

Φ−1[y]

f(x) g(Φ(x)) d(x, h)
)
dy

=

∫

Ω

( ∫

Φ−1[y]

Q∗
y(f(Φ

∗g))
)
dy =

∫

Γ

f(Φ∗g) = 〈f , Φ∗g〉 .

Here the last step uses Lemma 4.28. By the non-degeneracy of 〈−,−〉 and the
definition of Φ∗ as the adjoint of Φ∗, this implies that f ′ =Φ∗f , which yields the
assertion. �
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Exercise 4.34. Show that for an equivalence Φ : Γ−→Ω of essentially finite grou-
poids, the maps Φ∗ and Φ∗ are inverse isomorphisms.

Hint: First verify that the pullback along a fully faithful functor preserves the scalar
product.

Remark 4.35. From the composition law for pullback maps and Definition 4.30
we deduce that

(Φ′ ◦Φ)∗ = Φ′
∗ ◦ Φ∗

for any pair of composable functors between essentially finite groupoids.

Remark 4.36. If the ground field K is the field C of complex numbers, then 〈− ,−〉
is not a scalar product, because it is bilinear rather than sesquilinear. A scalar
product is instead given by

∫
Γ
f(x) f ′(x) dx, where the overline denotes complex

conjugation.

Next recall from Definition 1.80 the notion of a (co)span. Consider a span

Γ

Γ1 Γ2 .

ts

of essentially finite groupoids. By applying pullback and pushforward maps this
yields the diagram

F(Γ)

F(Γ1) F(Γ2)

t∗s∗

of vector spaces. We thus get the following linear map, called a pull-push map:

F(Γ1)
s∗
−−→ F(Γ)

t∗−−→ F(Γ2) .

Explicitly we have

(t∗s
∗f)(γ2) =

∑

[y]∈π0(Γ)
such that t(y)∼= γ2

|Aut(γ2)|

|Aut(y)|
f(s(y))

for f ∈F(Γ1) and γ2 ∈Γ2.
With the pull-push maps at hand, we are now in a position to provide the

assignments that underlie the construction of a d-dimensional Dijkgraaf-Witten
topological field theory.

Definition 4.37. Let G be a finite group. We refer to the following prescriptions,
which assign structures in the category Vect(K) of vector spaces to structures in
the cobordism category Cobd,d−1, as the Dijkgraaf-Witten assignment , denoted by
ZG:

(1) To a closed oriented (d−1)-manifold Σ, ZG assigns the vector space of invariant
functions on the groupoid of G-bundles on Σ, i.e.

(4.38) Σ 7−→ ZG(Σ) := F(BunG(Σ)) .
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(2) To a morphism M : Σ1−→Σ2 in Cobd,d−1, seen as a cospan

M

Σ1 Σ2

ZG assigns a linear map

ZG
(
Σ1−→M←Σ2

)
: ZG(Σ1) −→ ZG(Σ2)

by the following prescription: Since bundles pull back, the inclusion maps for
the incoming and outgoing boundary of M induce restriction functors, in the
opposite direction, for the corresponding groupoids of G-bundles:

(4.39)

BunG(M)

BunG(Σ1) BunG(Σ2)

s t

The linear map ZG(M)≡ZG
(
Σ1−→M←Σ2

)
is then defined as the pull-push

map

(4.40) F(BunG(Σ1))
s∗
−−→ F(BunG(M))

t∗−−→ F(BunG(Σ1)) .

These assignments form the basis of a topological field theory, which will be
called the (d-dimensional) Dijkgraaf-Witten theory for the group G, and which we
will still denote by the symbol ZG. To establish that the assignments do yield a
topological field theory, we must show that they define a functor from Cobd,d−1 to
the category of vector spaces and, furthermore, that they can be supplemented in
such a way that this functor is symmetric monoidal. For being able to do so we still
need some additional preparation. A proof that ZG can indeed be complemented
to a topological field theory will therefore have to wait until Section 4.4.

Example 4.41. It is instructive to spell out Definition 4.37(1) for the case of one-
dimensional Dijkgraaf-Witten theory. A G-bundle over a point is a G-torsor and
is isomorphic to the trivial bundle. Hence the groupoid of G-bundles has a single
isomorphism class of objects and its space of gauge invariant functions is one-di-
mensional. As a consequence, by Theorem 3.1 one-dimensional Dijkgraaf-Witten
corresponds to a one-dimensional vector space. This holds for any finite group G.
As a consistency check, recall from Section 3.1 that the dimension of this vector
space equals the invariant |BunG(S1)| of the circle. And indeed in Example 4.17
we have seen that |BunG(S1)|=1.

Remark 4.42. Given a morphism Σ1−→M←Σ2 in Cobd,d−1, we can fix a G-bundle
P ∈BunG(Σ1) and consider the invariant delta function δP ∈F(BunG(Σ1)) consid-
ered in Remark 4.21. In the basis given by the delta functions, ZG(M) can be
expressed through its matrix elements ZG(M)P,P ′ which are defined by the expan-
sion

(ZG(M))(δP ) =
∑

[P ′]∈π0(BunG(Σ2))

ZG(M)P,P ′ δP ′ .

The numbers ZG(M)P,P ′ can be seen as a mathematically precise incarnation of
the matrix elements discussed in Section 2.1.
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Remark 4.43. It should be appreciated that, as a matter of principle, the pushfor-
ward leads to an integral. Cobordisms are cospans of manifolds. After linearization,
they lead to spans of vector spaces. To turn these cospans into maps, a pushforward
is used at a certain point; thereby integrals are introduced. This can be seen as the
conceptual origin of “path” integrals in Dijkgraaf-Witten theories.

4.3. Two-dimensional Dijkgraaf-Witten theory

Before developing tools that allow us to prove that the assignments made in
the previous section produce a topological field theory, let us familiarize with those
definitions in the two-dimensional case. In that case we can describe the situation
entirely in algebraic terms, thanks to the classification of two-dimensional field the-
ories via commutative Frobenius algebras that has been presented in Theorem 3.14.
If the prescription ZG given in Section 4.2 indeed yields a topological field theory,
then there must exist a commutative Frobenius algebra associated with ZG. We
will now determine this commutative Frobenius algebra explicitly. With the help of
this algebra, we will be able to prove that at least in the two-dimensional case the
Dijkgraaf-Witten theory ZG is actually a topological field theory. This is a welcome
plausibility check before approaching the proof in the general d-dimensional case in
Section 4.4.

We now introduce a commutative Frobenius algebra, which will afterwards be
shown to correspond to two-dimensional Dijkgraaf-Witten theory. Let G be a finite
group G and K be a field that, besides being algebraically closed (which we assume
throughout), has characteristic zero. We can endow the finite-dimensional vector
space Map(G,K) of K-valued functions on G with the convolution product , which
is defined by

(4.44) (f1 ∗ f2)(g) :=
∑

g1,g2∈G
g1g2=g

f1(g1) f2(g2)

for f1, f2 : G−→K and g ∈G.
Since G is finite, the group delta functions δg that are given, for g ∈G, by

(4.45) δg(h) = δg,h for h∈G ,

furnish a basis (δg)g∈G of Map(G,K). On this basis the convolution product (4.44)
takes the simple form

δg ∗ δh = δgh .

Thus the vector space Map(G,K) endowed with the convolution product is isomor-
phic to the group algebra K[G] as introduced in Definition 1.15. In particular, the
convolution product is not commutative, unless G is abelian.

That the functions δg form a basis implies that the center

AG := Z(Map(G,K), ∗)

of Map(G,K) consists of those functions f ∈Map(G,K) which satisfy δg ∗ f = f ∗ δg
for every g ∈G. This, in turn, is the case if and only if f(gh)= f(hg) for all g, h∈G.
In other words, the center AG consists of those functions which are constant on
conjugacy classes, i.e. of the class functions on G. One further verifies that the
normalized evaluation ε of a class function at the unit element e∈G, i.e.

(4.46) ε(f) :=
f(e)

|G|
,
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and thus ε(δg)= δg,e/|G|, provides a Frobenius structure on the algebra Map(G,K),
with a comultiplication that is given by

∆(δg) = |G|
∑

h∈G

δgh⊗ δh−1

for all g ∈G. This restricts to a comultiplication on the center AG and furnishes
a commutative Frobenius algebra structure on AG. (Note that this is not the
comultiplication considered in Example 2.76 which is used to endow the group
algebra with the structure of a Hopf algebra; the Hopf algebra comultiplication
does not use the multiplication on the group.)

Since K is algebraically closed and of characteristic zero, the algebra AG is
semisimple. Schur’s orthogonality relations for the characters of G-modules imply
that a basis {ei} of commuting idempotents in AG is given by suitable multiples of
the simple characters χi of G:

ei =
χi(e)

|G|
χi .

Thus we have

ε(ei) =
χi(e)

2

|G|2
.

Now by virtue of the classification result for two-dimensional topological field
theories (Theorem 3.14) we can associate to the commutative Frobenius algebra
AG=Z(K[G]) a two-dimensional topological field theory; we denote this theory
by Z[AG]. Specifically, invoking the formula (3.17) we see that the number – also
often referred to as a partition function – associated to a closed connected oriented
surface Σ is

(4.47) Z[AG](Σ) =
∑

χ simple
character of G

(
χ(e)

|G|

)Eu(Σ)

,

with Eu(Σ) the Euler characteristic of Σ. Now note that to a simple character of
G we may associate an irreducible representation V of G whose dimension is the
value of the character at the neutral element e. This defines a bijection between
the set of simple characters of G and the set Irrep(G) of isomorphisms classes of
irreducible representations. Accordingly we can rewrite (4.47) equivalently as

(4.48) Z[AG](Σ) =
∑

V ∈Irrep(G)

(
dimV

|G|

)Eu(Σ)

.

Proposition 4.49. The evaluation of the two-dimensional topological field theory
Z[AG] on the pair of pants S1 ⊔S1−→S1 and on the disk S1−→∅ coincides with the
assignments made for ZG in Definition 4.37, up to natural isomorphism.

(Here we merely compare vector spaces and linear maps, because we have not yet
established that ZG can actually be complemented to a topological field theory.)

Proof. We start by determining the vector space ZG(S
1) that the functor ZG

associates to the circle S1. Recall that, by Example 1.74, the groupoid BunG(S1)
of G-bundles over the circle is equivalent to the action groupoid G//G of the action
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of G on itself via conjugation. (Beware that this identification depends the choice
of the base point on S1). As a consequence we have

(4.50) ZG(S
1) =

[
BunG(S

1),Vect(K)
]
∼= [G//G,Vect(K)] .

and the isomorphism classes of G-bundles on S1 are given by

π0(BunG(S
1)) = π0(G//G) = G/adjG ,

i.e. by the conjugacy classes of G. The space of functions on the set of conjugacy
classes of a group G is by definition the space of class functions, which we have seen
to coincide with AG.

Next we compute the linear map

ZG(T ) : ZG(S
1)⊗ZG(S

1) −→ ZG(S
1)

that ZG associates to the pair of pants, or trinion, T , i.e. to the sphere with three
boundary components, two of them incoming and one outgoing. To this end we
must evaluate BunG(−) on the cospan S1 ⊔S1−→T←S1 and apply the pull-push
procedure.

For doing so we need to make the identification of BunG(S
1) with G//G explicit,

which requires in particular to fix a standard model for the circle S1. As such we
take the unit circle {|z|=1}⊂C in the complex plane, and as a base point on the
unit circle we take the point −i on the negative imaginary axis. We need to fix
a model for the pair of pants as well; we do so as follows. Remove from the unit
disk in the complex plane two disks of radius 1/4 centered at the points ±1/2, with
their boundary circles regarded as incoming and the boundary circle of the unit
disk regarded as outgoing. As a base point for this model of T we take the point
pT :=−i/2.

Our first task is now to map the standard model of S1 to each of the three bound-
ary circles of the standard model of T . On those circles we select as respective
base points the points p0 :=−i and p± :=±1/2− i/4, as illustrated in the following
picture:

(4.51)

p0

p− p+pT

We admit only base-point preserving maps. This requirement leaves us with a con-
tractible collection of maps, and choosing one of them does not affect holonomies.
The fundamental group π1(T, pT ) of the pair of pants is the free group on two gen-
erators. As a representative pair of generators of π1(T, pT ) we choose two closed
paths a and b starting at the base point pT of T that encircle counter-clockwise
either of the incoming boundary circles as well as paths (drawn as dashed lines)
that connect their base points p± to pT . (The analogous path encircling the outgo-
ing boundary circle and the dashed path connecting p0 to pT is homotopic to the
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concatenation of a and b.) This is shown in the following picture:

(4.52)

b

a

A G-bundle on T is thus determined by the holonomies ga, gb ∈G along the paths
a and b. This identifies the category BunG(T ) with the finite action groupoid
(G×G)//G in which G acts by simultaneous conjugation on the two copies of G.
The dashed paths that connect the base point pT of T to the base points p0 and
p± of the three boundary circles determine a homomorphism from π1(T, pT ) with
respect to pT to the fundamental groups of the boundary circles with respect to
their base points. This allows us to describe the three relevant pullback functors

BunG(T )−→BunG(S1) as the functors that are defined on objects by (ga, gb) 7−→ ga

and (ga, gb) 7−→ gb for the two incoming circles, and as (ga, gb) 7−→ gagb for the outgo-
ing circle. We conclude that the span of groupoids to which we have to apply the
pull-push procedure is, up to equivalence, given by

(4.53)

(G×G)//G

G//G×G//G G//G

p m

Here in the action groupoid (G×G)//G the group G acts by simultaneous conju-
gation on both copies of G. The functors p and m map objects as

(g1, g2)
p
7−→(g1, g2)

m
7−−→ g1 g2 ;

on morphisms, which are gauge transformations, m is the identity, while p is the
diagonal map.

Finally we note that an invariant function (that is, a function constant on orbits of
the G-action) f1⊗ f2 : G×G−→K on the groupoid G//G×G//G pulls back to an
invariant function on (G×G)//G, which is the same function, but with invariance
only considered with respect to the G-action restricted to the diagonal action. The
homotopy fiber over h consists of all pairs (g1, g2) with g1g2= h (and hence is in
particular discrete), so that by applying the formula (4.33) we see that f1⊗ f2 is
pushed forward to the function f on G//G for which

f(h) =
∑

g
1
,g

2
∈G

g
1
g
2
=h

f1(g1) f2(g2)

for h∈G with invariance under the adjoint action. This is precisely the convolution
product (4.44) on the algebra of class functions.

Through similar considerations one can compute the linear map that ZG assigns to
the cap, i.e. to the disk seen as cobordism S1−→∅. Since the disk is contractible,
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there is only a single isomorphism class of G-bundles, namely (the class of) the
trivial bundle. It restricts to the trivial bundle with holonomy e on its boundary.
This implies that ZG(cap)([δg])= δg,e/|G|. This reproduces the counit (4.46). �

It follows from Proposition 4.49 that ZG is actually a two-dimensional topo-
logical field theory, whereby the comparison between Z[AG] and ZG becomes an
isomorphism of topological field theories.

As a specific application of the result in Proposition 4.49, one obtains a simple
proof of Mednykh’s formula [Med]. We refer to [Sny] for an overview on proofs of
this formula using topological field theory.

Corollary 4.54 (Mednykh’s Formula). For any finite group G and any connected
closed surface Σ the equality

∑

V ∈Irrep(G)

(dimV )Eu(Σ) = |G|Eu(Σ)−1
∣∣Hom(π1(Σ), G)

∣∣

holds, where the summation is over the irreducible representations of G on vector
spaces over a fixed algebraically closed field of characteristic zero.

Proof. By Proposition 4.49, Z[AG] and ZG are isomorphic topological field
theories. As a consequence, they yield the same numerical invariant for any con-
nected closed surface Σ. This leads to the chain

∑

V ∈Irrep(G)

(dimV

|G|

)Eu(Σ) (4.48)
= Z[AG](Σ) = ZG(Σ)

(4.16)
= |BunG(Σ)|

(4.15)
=
|Hom(π1(Σ), G)|

|G|

of equalities. �

Exercise 4.55. Evaluate Mednykh’s Formula in the case that Σ is the torus.

4.4. Dijkgraaf-Witten theory as a topological field theory

In this section we develop further tools that will enable us to establish that
the assignments prescribed in the Definition 4.37 can be complemented in such a
way that they actually furnish a topological field theory in the sense of Definition
2.100. This result will be stated as Theorem 4.66. Some readers may want to skip
the technical details that enter the proof, but in any case they should, apart from
the main theorem, also take notice of the gluing property for principal bundles as
described in Proposition 4.64. In our exposition we follow again essentially the
arguments in [FrQ,BaeHW,Mor3].

The geometric input for the construction of Dijkgraaf-Witten theory are the
groupoids of G-bundles for a finite group G on varying manifolds. In order to
establish that Dijkgraaf-Witten theory is actually a functor, we need to prove that
it translates the gluing of cobordisms to the composition of linear maps. To this
end, we will have to understand the groupoid of G-bundles for a manifold that has
been obtained by gluing. A convenient tool for approaching such problems in a
conceptual manner is the language of stacks [Hei]. Here we will instead take a more
elementary approach, which uses the following notion:
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Definition 4.56. Consider a cospan

Γ
Φ
−−→ Ω

Ψ
←−−− Λ

of groupoids. The homotopy pullback Γ×ΩΛ of such a cospan is the groupoid whose
objects are triples (x, y, η) consisting of objects x∈Γ and y ∈Λ and an isomorphism

(4.57) η : Φ(x)
∼=
−−→ Ψ(y) .

A morphism (x, y, η)−→ (x′, y′, η′) is a pair consisting of a morphism f : x−→x′ in
the groupoid Γ and a morphism g : y−→ y′ in Λ such that η′ ◦Φ(f)=Ψ(g) ◦ η. The
homotopy pullback Γ×Ω Λ comes with two projection functors πΓ : Γ×Ω Λ−→Γ
and πΛ : Γ×ΩΛ−→Λ such that by the assignment (x, y, η) 7−→ η we get a natural
isomorphism Φ ◦ πΓ−→Ψ ◦ πΛ. Drawing this natural isomorphism as a diagram of
the form introduced in (1.51) we get the square

(4.58)

Γ×ΩΛ Γ

Λ Ω

πΓ

πΛ Φ
η

Ψ

We express this situation by saying that the square (4.58) of groupoids commutes

up to the natural isomorphism η, and also refer to the double arrow for η as a filler

of the square.

Remark 4.59. The homotopy pullback should be compared to the pullback that
appears e.g. in Exercise 1.45. The latter involves an equality, whereas in the sit-
uation at hand we have instead an isomorphism. This is in accordance with the
general principle formulated in Remark 1.12.

Remark 4.60. Taking Λ in Definition 4.56 to be the category ∗//id∗ with a single
object and a single morphism (namely the identity of that object), the functor
Ψ : ∗//id∗−→Ω is just an object y ∈Ω, and the corresponding homotopy pullback is
just the homotopy fiber Φ−1[y] of the functor Φ over y.

Exercise 4.61. Consider the homotopy pullback

Γ×ΩΛ Γ

Λ Ω

πΓ

πΛ Φ
η

Ψ

from Definition 4.56, with the same notation as used there.

Prove that for y∈Λ there is a canonical equivalence

π−1
Λ [y]

≃
−−→ Φ−1[Ψ(y)]

between homotopy fibers.

The following crucial statement relates the homotopy pullback to the pullback
and pushforward of invariant functions:
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Proposition 4.62 (Beck-Chevalley property).

For every cospan Γ
Φ
−−→Ω

Ψ
←−−Λ of essentially finite groupoids, the square

(4.63)

F(Γ) F(Ω)

F(Γ×ΩΛ) F(Λ)

Φ∗

π∗
Γ Ψ∗

πΛ∗

of vector spaces of invariant functions commutes.

Proof. For any f ∈F(Γ) and y∈Λ, by Proposition 4.32 we have

(Ψ∗Φ∗f)(y) =

∫

Φ−1[Ψ(y)]

Q∗
Ψ(y)f ,

where QΨ(y) : Φ
−1[Ψ(y)]−→Γ is the forgetful functor. By Exercise 4.61 there is a

canonical equivalence π−1
Λ [y]

≃
−−→Φ−1[Ψ(y)]. Applying the transformation formula

from Exercise 4.26(1) to that equivalence gives us

(Ψ∗Φ∗f)(y) =

∫

π−1
Λ [y]

V ∗
y π

∗
Γf = (πΛ∗π

∗
Γf)(y) ,

with the forgetful functor Vy : π
−1[y]−→Λ×ΩΛ. �

We will also need a gluing property for principal fiber bundles. The proof of
this property requires some (albeit elementary) covering theory and is thus some-
what beyond the scope of these lecture notes. Nonetheless we present at least an
overview of the ideas entering it. (Readers who are willing to accept the statement
of Proposition 4.64 may skip these details and jump directly to the proposition.)
Let X : Y0−→Y1 and X ′ : Y1−→Y2 be composable morphisms in the d-dimensional
cobordism category. The commutative square

Y1 X

X ′ X ′ ◦X

that is formed by the inclusions is a pushout in the category of topological spaces.
Invoking the fact that assigning to a principal bundle its transport operator gives an
equivalence of categories (see Proposition 1.73), it suffices to show that the functor
[Π1(−), G-Tor] from the opposite category of topological spaces to groupoids sends
this pushout to a homotopy pullback. In a first step, the Seifert-van-Kampen
theorem for fundamental groupoids (see Theorem 6.7.2 of [Bro]) asserts that the
diagram

Π1(Y1) Π1(X)

Π1(X
′) Π1(X

′ ◦X)

is a pushout in groupoids. Since all of the functors involved are injective on objects,
the diagram is also a homotopy pushout. (The latter is the homotopically correct
version of a pushout; it is defined dually to the homotopy pullback that is explicitly
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given in Definition 4.56.) Now the functor [−, G-Tor] maps this homotopy pushout
to a homotopy pullback. Altogether we thus arrive at the following statement:

Proposition 4.64 (Gluing property for principal fiber bundles).

Let X : Y0−→Y1 and X ′ : Y1−→Y2 be composable morphisms in the d-dimensional
cobordism category, and let G be a group. Then the restriction functor

R : BunG(X
′ ◦X) −→ BunG(X)×BunG(Y1) BunG(X

′)

is an equivalence of groupoids.

Remark 4.65. Here it is important to treat individual bundles as objects in a
groupoid, instead of working with isomorphism classes of bundles. Indeed, since an
interval I is contractible, any G-bundle over I is isomorphic to the trivial bundle,
so that there is only a single isomorphism class of G-bundles. On the other hand,
for non-trivial G, there are non-trivial G-bundles on the circle S1. To obtain these
bundles when constructing S1 by identifying the end points of I, we must account
for the automorphisms of the objects, as provided by the morphisms in the ho-
motopy pullback (4.37). Such a strategy is impossible at the level of isomorphism
classes. In short, working with a groupoid ensures the correct behavior of gluing
bundles and thus ensures locality.

We can now finally state:

Theorem 4.66. For any finite group G, the assignments ZG given for objects in
(4.38) and for morphisms in (4.40) can be complemented so as to define a d-dimen-
sional topological field theory.

The so defined topological field theory is called the (d-dimensional) Dijkgraaf-Wit-

ten theory for the group G.

Proof. As a first step, we show that ZG is a functor, and afterwards that it
is symmetric monoidal.

To prove that ZG preserves identities, we consider for an object Y in the d-
dimensional cobordism category Cobd,d−1 the diagram

BunG(Y × I)

BunG(Y ) BunG(Y )

BunG(Y )

ts

s

id id

where s and t are the restriction of G-bundles to the incoming and outgoing bound-
ary, respectively, of the cylinder Y × I. This diagram commutes up to natural iso-
morphism. Since naturally isomorphic functors give rise to the same pullback map
and hence also pushforward map, it follows that

ZG(Y × I) = t∗ ◦ s
∗ = s∗ ◦ s

∗.

By Exercise 4.34, this linear map is indeed the identity of ZG(Y ).
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Next consider composable morphisms X : Y0−→Y1 and X ′ : Y1−→Y2 in Cobd,d−1.
Then we obtain the following diagram of essentially finite groupoids:

(4.67)

BunG(X ′◦X)

BunG(X)×BunG(Y1)
BunG(X ′)

BunG(X) BunG(X ′)

BunG(Y0) BunG(Y1) BunG(Y2)

r
R

r′

p p′

s t s′ t′

Here the inner square is a homotopy pullback square and commutes up to natural
isomorphism. All functors in the diagram (4.67) except for the projections p and p′

in the homotopy pullback square arise from restriction of bundles. As a consequence
the outer square and the two triangles commute strictly. The functor R from Pro-
position 4.64 is an equivalence. We can thus compute

ZG(X
′ ◦X) = (t′ ◦ r′)∗ ◦ (s ◦ r)∗

= (t′ ◦ p′ ◦R)∗ ◦ (s ◦ p ◦R)∗ (by commutativity of the triangles)

= t′∗ ◦ p
′
∗ ◦R∗ ◦R∗ ◦ p∗ ◦ s∗ (by Eq. (4.23) and Remark 4.35)

= t′∗ ◦ p
′
∗ ◦ p

∗ ◦ s∗ (by Exercise 4.34)

= t′∗ ◦ s
′∗ ◦ t∗ ◦ s∗ (by Proposition 4.62)

= ZG(X
′) ◦ZG(X) .

Finally, we note that the composition

ZG(Y1 ⊔Y2) = F(BunG(Y1 ⊔ Y2))

∼= F(BunG(Y1)×BunG(Y2)) (by Exercise 1.64)

∼= F(BunG(Y1))⊗K F(BunG(Y2)) (by Remark 4.22)

= ZG(Y1)⊗ ZG(Y2)

of isomorphisms, for any pair of objects Y1 and Y2 in Cobd,d−1, endow ZG with a
monoidal structure, which is also symmetric. �
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CHAPTER 5

Extended topological field theories

The value of a d-dimensional topological field theory on a d-dimensional man-
ifold may be computed by cutting X along submanifolds of codimension 1. It is
clearly desirable to be able to iterate this procedure by cutting further along mani-
folds of codimension 2. A topological field theory admitting such an iteration enjoys
a higher degree of locality. The formal implementation of this idea turns out to be a
rather challenging task: We need to replace the d-dimensional cobordism category
– that is, a two-layered structure built from d- and (d−1)-dimensional manifolds –
by a three-layered structure featuring in addition (d−2)-dimensional manifolds.

The resulting three-layered categorical structure – called a bicategory – goes
beyond the realm of categories. A considerable part of this chapter is devoted
to introducing this concept, with the cobordism bicategory as a guiding example
in mind. Moreover, in parallel with extending cobordisms to codimension 2, our
standard algebraic target category, i.e. the category of vector spaces, must undergo
a similar extension process. Once this has been achieved, we will be able to define
the notion of an extended topological field theory. This procedure can be further
extended with the help of higher categories which have still more layers of structure.

5.1. Bicategories

To introduce the notion of a bicategory, first recall that a category with a single
object ∗ is specified by the monoid End(∗). A bicategory with a single object ∗ can
be specified by its endomorphisms End(∗) as well, but together with the composition
these will form a monoidal category instead of just a monoid. As a consequence,
the composition of endomorphisms of ∗ will no longer be associative ‘on the nose’,
but rather involve associators that obey constraints which generalize the pentagon
axiom. We will use the abbreviated notation “1” for the category ∗//id∗ with one
object and one morphism (namely the identity of that object). The definition of a
bicategory then takes the following form [Lei,Scho]:

Definition 5.1. A bicategory B consists of the following data, subject to the ax-
ioms given below:

• A class Obj(B). Its elements are referred to as objects or 0-cells.

• For every pair (A,B) of 0-cells a category Hom(A,B).

The objects of Hom(A,B) are referred to as 1-cells, or as 1-morphisms, and the
morphisms ofHom(A,B) are called 2-cells, or 2-morphisms. The composition of
2-cells in the Hom categories is referred to as vertical composition. By definition
it is strictly associative; we denote it by the symbol ◦.

129
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130 5. EXTENDED TOPOLOGICAL FIELD THEORIES

• For every triple A,B,C ∈Obj(B) a composition functor

cA,B,C : Hom(B,C)×Hom(A,B) −→ Hom(A,C)

(g, f) 7−→ g ◦ f

(β, α) 7−→ β ⋆ α ,

and for every object A∈Obj(B) an identity functor

IA : 1 = ∗//id∗ −→ Hom(A,A) .

The composition of 2-cells by means of this composition functor, which we denote
by the symbol ⋆, is called the horizontal composition.

• Natural isomorphisms a, r, l of functors expressing associativity and unitality:
For every quadruple A,B,C,D ∈Obj(B) a natural isomorphism aA,B,C,D up to
which the horizontal composition is associative; this is indicated by inserting
aA,B,C,D as a filler (displayed as a double arrow, analogously as in (4.58)) in the
diagram

Hom(C,D)×Hom(B,C)×Hom(A,B)

Hom(B,D)×Hom(A,B) Hom(C,D)×Hom(A,C)

Hom(A,D)

id×cA,B,CcB,C,D×id

cA,B,D

aA,B,C,D

cA,C,D

Further, for every pair A,B ∈Obj(B) natural isomorphisms rA,B and lA,B which
again provide fillers for the diagrams

Hom(A,B)× 1

Hom(A,B)×Hom(A,A) Hom(A,B)

id×IA

≃

cA,A,B

rA,B

and

1×Hom(A,B)

Hom(B,B)×Hom(A,B) Hom(A,B)

IB×id
≃

cA,B,B

lA,B

Thus in particular for all composable 1-cells f , g and h there are 2-cells

(5.2)

ah,g,f : (h ◦ g) ◦ f
∼=
−−→ h ◦ (g ◦ f) ,

rf : f ◦ idA
∼=
−−→ f ,

lf : idB ◦ f
∼=
−−→ f .
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These data are subject to the axioms that the following diagrams commute:

• A pentagon diagram

(k◦h) ◦ (g◦f)

((k◦h) ◦ g) ◦ f k ◦ (h ◦ (g◦f))

(k ◦ (h◦g)) ◦ f k ◦ ((h◦g) ◦ f)

ak,h,g◦f

ak,h,g⋆idf

ak◦h,g,f

ak,h◦g,f

idk⋆ah,g,f

for every composable quadruple f, g, h, k of 1-cells.

• Triangle diagrams:

(g ◦ id) ◦ f g ◦ (id ◦ f)

g ⋆ f

ag,id,f

rg⋆idf idg⋆lf

Remark 5.3. While for 1-morphisms there is a single composition operation, for
which a standard notation is ‘◦’, like for morphisms in a category, 2-morphisms
can be composed in two different ways – vertically and horizontally, so that two
different symbols are needed. Our choice of ‘◦’ and ‘⋆’ for these is one possible
convention; note that we use the same symbols ‘◦’ and ‘⋆’ also for the vertical and
horizontal composition of natural transformations. Several other conventions are
in use in the literature as well.

A 2-cell α between 1-cells f, g∈Hom(A,B) in a bicategory will be drawn as a
pasting diagram

(5.4) A B

f

g

α

i.e. 0-cells are depicted as points, 1-cells as lines and 2-cells as surfaces.
In the discussion 2.1 of principles of field theories we have seen that the structure

of a category is essential for keeping locality in gauge theories. In a similar vein,
bicategories appear in generalizations of gauge theories in which one deals with
“gauge transformations between gauge transformations”. A geometric setting in
which this is realized are bundle gerbes ; correspondingly, the bundle gerbes over a
given manifold form a bicategory rather than a category [Wal].

Examples 5.5.

(1) There is a bicategory Cat having small categories as 0-cells, functors as 1-cells,
and natural transformations as 2-cells.
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Indeed, for two given categories C and D the functors from C to D form a
category Hom(C,D). The morphisms of this category are natural transforma-
tions. The composition of 1-morphisms of the bicategory of small categories is
given by the the composition of functors – and thus composition happens to
be strictly associative and strictly unital – and the horizontal composition of
natural transformations.
Also, the pasting diagram (5.4) specializes to the diagram (1.51) for a natural
transformation. Similarly, the vertical and horizontal composition of 2-cells
in any bicategory can be expressed in terms of pasting diagrams analogous to
the diagrams (1.52) and (1.53) for the vertical and horizontal composition of
natural transformations.

(2) In particular, the collection of all groupoids forms a bicategory.

(3) Let K be a field. The bicategory Alg(K) has K-algebras as objects, and for
any pair A1, A2 of algebras, Hom(A1, A2) is the category of A1-A2-bimodules.
Composition of 1-morphisms is given by the tensor product A1MA2 ⊗A2 A2M

′
A3

of bimodules; the associators are induced by the associators of vector spaces
and are thus not trivial. (In particular, the endomorphism categoryHom(A,A)
is the monoidal category of A-bimodules, which has been described in Example
2.15(7).)

(4) Associated with any monoidal category C there comes a bicategory BC that has
a single object ∗ and has the monoidal category as its category of 1-endomor-
phisms, Hom(∗, ∗)= C. This bicategory BC is called the delooping of C.
Conversely, any bicategory with a single object is described by a monoidal ca-
tegory.

Exercise 5.6.

(1) Verify that Alg(K) as defined in Example 5.5(3) does satisfy the axioms of a
bicategory.

(2) Likewise, verify that for any monoidal category C, the delooping BC defined in
Example 5.5(4) satisfies all requirements of a bicategory.

Remark 5.7. For bicategories there is a strictification result which extends the one
(see Remark 2.46) for monoidal categories: every bicategory is biequivalent to a 2-
category, i.e. to a bicategory for which the coherence 2-cells (5.2) are identities; for
details, see e.g. § 1.4 of [GorPS]. For tricategories, which have one additional layer
of structure, certain strictification statements can still be made: every tricategory
is equivalent to a so-called Gray-category for which, in short, everything except for
the interchange law is strict. On the other hand, strict 3-categories are genuinely
more restrictive than generic tricategories, see e.g. [Gur] and § 5.6 of [GorPS]. For
instance, a braided monoidal category can be regarded as a tricategory with a single
object and a single 1-morphism. Such a tricategory can be strictified if and only if
the braiding is in fact symmetric.

Exercise 5.8. For any given category C, consider the following two monoids: the
monoid (M, ◦) := (End(idC), ◦) of endotransformations of the identity functor idC
of C equipped with vertical composition, and the monoid (M, ⋆) := (End(idC), ⋆)
endotransformations of idC with horizontal composition.
Show that these two monoids are equal. Conclude that the monoid M is commu-
tative.
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Hint: Show that horizontal and vertical composition can be interchanged in the
sense that

(a ◦ b) ⋆ (c ◦ d) = (a ⋆ c) ◦ (b ⋆ d) for all a, b, c, d∈M .

(This is known as the Eckmann-Hilton identity.)

Graphical Description 5.9. The string diagram for a morphism f ∈Hom(X,Y )
in a category, as introduced in Graphical Description 1.16, can be seen as the

Poincaré dual of the diagram X
f
−−→Y . Similarly one obtains a string calculus for

bicategories by considering the Poincaré dual of pasting diagrams such as (5.4),
whereby 0-cells are depicted as two-dimensional regions, 1-cells as lines and 2-cells
as points, or rather, analogously as morphisms in the case of categories, as small
coupons. Also, conveniently the labeling of 0-cells is indicated by a shading. Thus
e.g. a 1-morphism f : A−→B is depicted as

f

f

B A ≡

f

f

while a 2-morphism α : h ◦ g−→ f , with pasting diagram

B

A C

h

α

g

f

looks like

f

gh

C

B

A

α
≡

gh

f

α

More information about the bicategorical string calculus can e.g. be found in [HiM]
and [Hum].

Remark 5.10. For a bicategory with only a single object, no information is lost
if one suppresses the object label, respectively the corresponding shading, in string
diagrams altogether. Thereby they are reduced to string diagrams for a monoidal
category. This fits well with the observation in Example 5.5(4) that a monoidal
category is secretly a one-object bicategory. In short, the graphical string calculus
for monoidal categories can be seen as a special case of the one for bicategories.
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Functors between bicategories have an an additional layer of structure as well.
We only sketch their definition; for the details see [Lei]: A functor F : B−→B′ be-
tween bicategories B and B′ consists of

• the assignment of an object F (A) in B′ to every object A in B;

• a functor FA,B : HomB(A,B)−→HomB′(F (A), F (B)) for every pair (A,B) of
objects in B;

• invertible 2-cells φA : idF (A)−→F (idA) for every object A, as well as

φg,f : F (g) ◦F (f) −→ F (g ◦ f)

for every pair g and f of composable 1-morphisms.

The 2-cells are subject to appropriate coherence conditions, see e.g. Chapter 2
of [Gur].

Remark 5.11. What we call a functor between bicategories is in the literature
sometimes instead referred to as a pseudofunctor , or also, in the strict case, as a
2-functor.

Exercise 5.12. Describe functors BC −→BD between one-object bicategories and
compare them to monoidal functors C −→D.

Recall from Definition 1.47 that a natural transformation α between two func-
tors F,G : C −→D that have the same domain and same codomain assigns to any
object X ∈C a morphism αX : F (X)−→G(X). In the same spirit, given two func-
tors F,G : A−→B between the same bicategories, we introduce the notion of a
pseudonatural transformation: A pseudonatural transformation assigns to each ob-
ject a∈A a 1-morphism αa : F (a)−→G(a) and to each 1-morphism f : a−→ a′ in A

an invertible 2-morphism αf in B such that the diagram

F (a) F (a′)

G(a) G(a′)

F (f)

αa αa′
αf

G(f)

commutes for every 1-morphism f : a−→ a′ in A. Pseudonatural transformations
have to satisfy two coherence axioms; there explicit form is e.g. given on page 5
of [Lei].

A pseudonatural transformation between two monoidal functors between the
same monoidal categories, seen as one-object bicategories (see Exercise 5.12) in-
volves an object of the monoidal category and a family of morphisms. Thus in
this case, not every pseudonatural transformation comes from a monoidal natural
transformation.

Finally, in the case of bicategories there is a third layer of structure: Given
two pseudonatural transformations α, β : F −→G with F,G : A−→B, a modification

m : α−→β assigns to each object a∈A a 2-morphism ma : αa−→βa in B, subject
to a further relation, which is displayed on page 6 of [Lei].

Schematically, the assignments given by functors, natural transformations and
modifications can be summarized as follows:
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categories

bicategories

functor

functor

natural
transformation

pseudonatural
transformation modification

objects

morphisms

objects

1-morphisms

2-morphisms

Remark 5.13. There is also a notion of a monoidal bicategory. Here we give
just the main idea, referring for the details to Chapter 3 of [Scho]: A monoidal
structure on a bicategory C is a functor ⊗ : C ×C −→C of bicategories (as sketched
above) that, as a binary operation on C, is associative and unital up to specified
1-morphisms (which are again called associators and unitors) which, in turn, are
invertible up to invertible 2-morphisms. The associators satisfy a pentagon axiom
analogously as for monoidal categories, but the pentagon commutes only up to an
invertible 2-morphism, a so-called pentagonator. In other words, the conditions
appearing in the definition of a monoidal category get promoted to structure.

Similarly there is the notion of a monoidal functor F : C −→D between monoidal
bicategories, i.e. a functor between monoidal bicategories that is compatible with
the monoidal structures. In particular, such a functor comes equipped with 1-mor-
phisms F (c)⊗F (c′)−→F (c⊗ c′) for c, c′ ∈C and a 1-morphism 1D−→F (1C) for
the monoidal units 1C and 1D of C and D. These 1-morphisms are invertible up to
invertible 2-isomorphisms.

One can also define the notion of a braiding on a monoidal bicategory and the
notion of a braided monoidal functor. A braided monoidal bicategory can have a
symmetric structure, but unlike for ordinary categories, the symmetry of the brai-
ding is now structure and not just a property. Finally, one can define the notion of
a symmetric monoidal functor between symmetric monoidal bicategories.

5.2. Towards Dijkgraaf-Witten theory as an extended TFT

We now consider three-dimensional Dijkgraaf-Witten theories; our goal is to
incorporate locality at a deeper level and to extract interesting algebraic structure.

We start with the following observation. Iterating the argument that led us
to consider three-dimensional manifolds with two-dimensional boundaries, we con-
tinue to chop the two-manifolds into smaller pieces as well, and thereby introduce
two-manifolds with boundary into the picture. (In principle one can even further
iterate this extension procedure, compare Remark 5.19(5) below.) Thus we drop
the requirement on the two-manifold Σ to be closed and instead allow Σ to be a
compact oriented two-manifold with one-dimensional boundary S := ∂Σ.

Author's preliminary version made available with permission of the publisher, the American Mathematical Society



136 5. EXTENDED TOPOLOGICAL FIELD THEORIES

Next we investigate heuristically what type of quantity we must associate to a
one-manifold S with a specified field configuration φ1 ∈BunG(S). For any surface
Σ with boundary S it is natural to consider the space of all field configurations
BunG(Σ, φ1) on Σ that restrict to the given field configuration φ1 on the boundary
S∼= ∂Σ, similarly as we did in the prescription (2.5).

Once we have fixed boundary values, we can again linearize the situation. For
a two-manifold Σ with boundary ∂Σ=S, we consider for any field configuration
φ1 on S the vector space HΣ,φ1 that is freely generated by the isomorphism classes
of field configurations on Σ with given boundary value φ1.

Given a two-manifold with boundary S, we hereby obtain a map φ1 7→HΣ,φ1

from field configurations to vector spaces. Thus for any two-manifoldΣ with bound-
ary S we get a complex vector bundle over the space of all fields on the boundary.

In the case of a finite group G, we prefer to regard such a vector bundle as
an object in the category [BunG(S),Vect(K)] of functors from BunG(S) to Vect(K).
Accordingly we should associate to the one-dimensional manifold S precisely this
linear category of vector bundles:

ZG(S) := [BunG(S),Vect(K)] .

This is not simply a collection of vector spaces parametrized by the set π0(BunG(S)).
Rather, if a bundle has automorphisms, then these act on the corresponding vector
space. An explicit description of the category ZG(S

1) obtained for the circle S1

will be provided in Proposition 5.32.
These observations motivate us to extend our discussion to include codimension-

2 objects in the definition of a topological field theory as well. We thus arrive at a
three-layered structure, involving symmetric monoidal bicategories.

Definition 5.14.

(1) A 2-vector space (over a field K) is a K-linear abelian finitely semisimple cate-
gory.

(2) The bicategory 2-Vect(K) of 2-vector spaces has 2-vector spaces as objects, K-
linear functors as 1-morphisms, and natural transformations as 2-morphisms.

The bicategory 2-Vect(K) can be endowed with the structure of a symmetric
monoidal bicategory (see Remark 5.13). The symmetric monoidal structure is given
by the Deligne tensor product ⊠ of finite abelian categories. For a detailed descrip-
tion of the Deligne tensor product we refer to Section 5 of [Del] and Chapter 1.11
of [EtGNO]. For our purposes the following aspects are sufficient:

• The tensor product ⊗K of vector spaces can be characterized in terms of a uni-
versal property relating bilinear maps V ×W −→Z to linear maps V ⊗KW −→Z.
In the same vein, the Deligne tensor product C⊠D ofK-linear finite abelian cate-
gories can be characterized by relating right exactK-linear bifunctors C ×D−→X
to right exact K-linear functors C⊠D−→X .

• If, for i=1, 2, Ai-mod is a category of finite-dimensional modules over a finite-
dimensional algebra Ai in Vect(K), then one has

A1-mod⊠A2-mod ∼= (A1⊗KA2)-mod .

(Here it is used that K is algebraically closed and hence perfect.)

• The unit for the tensor product ⊠ is the category K-mod=Vect.
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In the spirit of Definition 2.100, we want to define an extended topological
field theory as a symmetric monoidal functor from a cobordism bicategory to the
algebraic bicategory 2-Vect(K). When defining the relevant cobordism bicategory
one must be careful, because one may not identify any longer diffeomorphic two-
manifolds. We only give an outline of the full definition:

Definition 5.15. Cob3,2,1 is the following symmetric monoidal bicategory:

• Objects are compact closed oriented one-manifolds S.

• 1-morphisms are two-dimensional compact oriented collared cobordisms
S× I →֒Σ ←֓ S′× I.

• 2-morphisms are generated by diffeomorphisms of cobordisms that fix the collar
and by three-dimensional collared oriented cobordisms with corners M .

• Both horizontal and vertical composition are by gluing along collars.

• The monoidal structure is given by disjoint union, with the empty set ∅ as the
monoidal unit.

Remarks 5.16. In the complete definition, more care is in particular needed to
properly account for the following aspects:

(1) Cobordisms with corners are considered up to diffeomorphisms that preserve
the orientation and boundary.
(For an example of a cobordism with corners see the picture (5.26) below.)

(2) For manifolds with corners, the specification of the gluing along collars, and
thus of the compositions in Cob3,2,1, involves quite a few more details than in the
case of Cob3,2, i.e. manifolds with boundary. For instance, one must work with
the notion of a germ of neighborhoods of a manifold. For a detailed exposition
see Section 4.3 of [Mor2] and Sections 3.1 and 3.2 of [Scho].

(3) To account for the relevance of collars one should, in the treatment of the bicate-
gory Cobd,d−1,d−2 for any d, not consider embeddings Sd−2−→Σd−1, but instead
what we call collared embeddings, i.e. diffeomorphisms f : Sd−2× [0, ǫ)−→Σd−1

such that Im (f)∩ ∂Σd−1=Im (f(−, 0)), and furthermore identify collared em-
beddings that coincide on some connected neighborhood of Sd−2×{0}. (Thus
one actually deals with a germ of neighborhoods: the value of the number ǫ> 0
does not matter.) Using the symbol ‘ 7−→’ to denote a collared embedding, for
a d-manifold Md with corners an extended cobordism category we deal with
embeddings that fit into a diagram of the form

(5.17)

Σ′
d−1

Sd−2 Md S′
d−2

Σd−1

pg
′

pf ′
1

pf1

p h
′
1

p h1

p

g

The manifold Md contains embedded parametrized tubes

τ : Sd−2× [0, 1] −→Md and τ ′ : S′
d−2× [0, 1] −→Md
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obeying τ(s, t)= g′◦f ′
1(s, t) and τ(s, 1−t)= g′◦f1(s, t) for s∈Sd−2 and t∈ [0, ǫ),

and similarly for τ ′. We call this prescription which makes use of collared
embeddings and parametrized tubes the principle of globularity.

We are now ready to present the definition of a (3-2-1-)extended topological
field theory:

Definition 5.18.
A (once-)extended three-dimensional topological field theory, also called 3-2-1-di-
mensional topological field theory, is a symmetric monoidal functor

Z : Cob3,2,1 −→ 2-Vect(K) .

To justify the qualification extended in this definition, we make the following
observations:

Remarks 5.19.

(1) As a monoidal functor, Z must send the monoidal unit ∅ in the bicategory
Cob3,2,1 to the monoidal unit Vect(K) in 2-Vect(K). The functor Z restricts to
a functor Z|∅ from the endomorphisms of ∅ in Cob3,2,1 to the endomorphisms
of Vect(K) in 2-Vect(K).

(2) It follows directly from the definition that

EndCob3,2,1
(
∅
)
≃ Cob3,2

as symmetric monoidal categories. Using the fact that the morphisms in
2-Vect(K) are additive (which follows from K-linearity of functors in the defi-
nition of 2-vector spaces), it is also easy to see that there is an equivalence

End2-Vect(K)

(
Vect(K)

)
≃ Vect(K)

of symmetric monoidal categories. This equivalence maps a linear endofunctor
of the category of vector spaces to its value on the ground field K.

(3) Hence we can conclude: If Z is an extended three-dimensional topological field
theory; then Z|∅ is a three-dimensional topological field theory in the sense of
Definition 2.100.

(4) This raises the question whether a given (non-extended) three-dimensional
topological field theory can be extended. In general, there is no reason for this
to be possible. In contrast, for Dijkgraaf-Witten theories such an extension can
be constructed with the help of principal bundles and their linearization. Thus
there exists an extended three-dimensional topological field theory ZG which
assigns the category [

BunG(S),Vect(K)
]

to the one-dimensional closed oriented manifold S and whose restriction ZG|∅
is (isomorphic to) the Dijkgraaf-Witten theory described in Theorem 4.66.

(5) One can iterate the procedure of extension and introduce the notion of a fully

extended topological field theory which in particular also assigns quantities to
points. We refer to [Lur] for a discussion of fully extended topological field
theories and their relation to the cobordism hypothesis. In [FrHLT] an argument
is sketched that a Dijkgraaf-Witten theory can be turned into a fully extended
topological field theory. A discussion of fully extended topological field theories
is beyond the scope of these lectures.
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5.3. Construction via 2-linearization

In this subsection we present the construction of the 3-2-1-dimensional Dijk-
graaf-Witten theory for a finite group G. The construction, which is described
in [FrQ,Mor1,Mor3], is a bicategorical generalization of the strategy already applied
in the non-extended case: One first assigns a bundle groupoid to every manifold that
appears in the cobordism category and then linearizes. The bicategorical version
of the two-step procedure turns out to be more involved than in the non-extended
situation. It therefore makes sense to separate the two steps and to introduce the
symmetric monoidal bicategory of spans of groupoids; for details we refer to [Mor1],
and for additional information to [Hau].

Definition 5.20. The bicategory Span of spans of groupoids is the following sym-
metric monoidal bicategory:

• Objects Γ are essentially finite groupoids.

• 1-morphisms Γ1−→Γ2 are spans of essentially finite groupoids, i.e. diagrams

Γ

Γ1 Γ2

of essentially finite groupoids.

• 2-morphisms are equivalence classes of spans of spans

Γ

Γ1 Ω Γ2

Γ′

• Horizontal composition is given by forming homotopy pullbacks of groupoids.
Spelled out in more detail, the composition of two 1-morphisms Γ1←− Γ−→Γ2

and Γ2←− Γ′−→Γ3 is the homotopy pullback Γ×Γ2 Γ
′ equipped with natural

maps Γ×Γ2 Γ
′−→Γ−→Γ1 and Γ×Γ2 Γ

′−→Γ′−→Γ3. The composition of 2-mor-
phisms is defined similarly.

• The monoidal structure is given by the Cartesian product of groupoids.

The idea is now to obtain a symmetric monoidal functor with codomain Span
by taking the bundle groupoids of all the manifolds appearing in Cob3,2,1: We can
assign to a one-dimensional manifold S the groupoid BunG(S) of G-bundles over
S, to a two-manifold Σ : S−→S′ with parametrized boundary the span

BunG(Σ)

BunG(S) BunG(S′)

and to a three-dimensional cobordismM with corners between two-manifoldsΣ,Σ′ :
S−→S′ with parametrized boundaries and parametrized tubes (adhering to the
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principle of globularity discussed in Remark 5.16(3)) the span of spans of groupoids
given by

(5.21)

BunG(Σ)

BunG(S) BunG(M) BunG(S′)

BunG(Σ′)

All functors needed here come from restriction of G-bundles. The diagram (5.21)
does, in general, not commute on the nose; for achieving commutativity, natural
transformations are needed as fillers. These result from the fact that the two maps
S−→M are only homotopic by globularity, so that by the mechanism described in
Example 1.56 we obtain natural transformations between pullback functors for the
left quadrangle in (5.21). For the right quadrangle the same conclusion follows from
the homotopy between the two maps S′−→M .

The functor BunG(−) sends, by Proposition 4.64, the composition of cobor-
disms to homotopy pullbacks, and disjoint unions to Cartesian products. We thus
obtain

Proposition 5.22. The assignments just described yield a symmetric monoidal
functor

BunG : Cob3,2,1 −→ Span .

The second step in the construction of extended Dijkgraaf-Witten theory is the
2-linearization: We have already explained the idea to associate to an essentially
finite groupoid Γ its category of vector bundles Vect(Γ) on Γ, i.e. the functor cat-
egory

[
Γ,Vect(K)

]
. We next need to explain what 2-linearization assigns to spans

of groupoids.
The assignment

Γ 7−→ Vect
(
Γ
)
:=
[
Γ,Vect(K)

]

is a contravariant functor from the bicategory of essentially finite groupoids to

the bicategory of 2-vector spaces. Functors Γ
f
−→Γ′ between groupoids are sent to

pullback functors:

[Γ′,Vect] −→ [Γ,Vect] ,

ϕ 7−→ ϕ ◦ f .

Lemma 5.23. [Mor1, 4.2.1]
Let f : Γ−→Γ′ be a functor between essentially finite groupoids. Then the pullback
functor f∗ : Vect(Γ′)−→Vect(Γ) admits a two-sided adjoint

f∗ : Vect(Γ) −→ Vect(Γ′)

The functor f∗ is called the pushforward.

We use this pushforward to associate to a span

Γ Λ Γ′p0 p1
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of essentially finite groupoids the ‘pull-push’ functor

(p1)∗ ◦ (p0)
∗ : VectK

(
Γ
)
−→ VectK

(
Γ′
)
.

A similar construction given in detail in [Mor1] associates to spans of spans a natural
transformation.

Altogether we have:

Proposition 5.24. The functor Γ 7−→VectK(Γ) extends to a symmetric monoidal
functor

VK : Span −→ 2-Vect(K)

from the bicategory of spans of groupoids to the bicategory of 2-vector spaces.

The functor VK is called 2-linearization.

We are now in a position to define Dijkgraaf-Witten theory as a three-dimen-
sional extended topological field theory by concatenating the symmetric monoidal
functors from Propositions 5.22 and 5.24:

Definition 5.25. Dijkgraaf-Witten theory as an extended three-dimensional topo-
logical field theory is the composition

ZG := VK ◦ BunG : Cob3,2,1 −→ 2-Vect(K)

of the symmetric monoidal functors BunG and VK.

It remains to be shown that ZG|∅ coincides with the three-dimensional Dijkgraaf-
Witten theory from Theorem 4.66. This can be achieved by explicit computation,
as done in [Mor3, Section 5.2].

5.4. Evaluation on the circle

By realizing cobordisms in terms of generators and relations (compare Section
3.2 for the case of Cob2,1) one can obtain the values of a topological field theory Z
on arbitrary manifolds from its values on the generators, i.e. on a small number of
particularly simple manifolds, which include e.g. the circle S1 as a one-dimensional
generator and the pair of pants as a two-dimensional one. Evaluating Z on such
simple manifolds is therefore of particular interest.

Specifically, a 3-2-1-dimensional extended topological field theory Z involves
the following assignments to these generators:

Z assigns to the circle S1 a K-linear abelian finitely semisimple category

CZ := Z(S1) .

To the pair of pants, Z associates a functor

⊗ : CZ ⊠ CZ −→ CZ .

This turns out to provide a tensor product, in the sense of Definition 2.13, on the
category CZ .

Next consider a three-dimensional manifold of the following form:
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(5.26)

We refer the manifold (5.26) as the ‘braid-tin’ and denote it by Xbr. (For each
of the two pairs of pants located at the lower and upper lid of the braid-tin, the
outer boundary component of the two-holed disk is the outgoing circle, while the
two inner boundary components are the incoming ones.) The three-manifold Xbr

(5.26) furnishes a 2-morphism between two copies of a pair of pants. To specify this
2-morphism we describe Xbr as being obtained by evolving the standard model T
for the pair of pants, as displayed in the picture (4.51), along an interval [0, 1], with
T ×{0} and T ×{1} the bottom and top lid of the tin, respectively, and prescribe
for each of the boundary circles S1

i of T a homotopy from S1
i ×{0}⊂T ×{0} to

S1
i ×{1}⊂T ×{1}.

In the case of the outgoing boundary circle we do so by defining the map

S1
out× [0, 1]−→T × [0, 1] as (eiα, t) 7−→ (eiα, t) for α∈ [0, 2π) and t∈ [0, 1], while for

the two incoming boundary circles we set

(
±

1

2
+

1

4
eiα, t

)
7−→

(
±

1

2
eiπt+

1

4
eiα, t

)

for α∈ [0, 2π) and t∈ [0, 1]. To the so defined cobordism Xbr, the topological field
theory Z assigns a natural transformation

⊗ =⇒ ⊗opp.

As we will explain in the proof of Proposition 5.34, this natural transformation
constitutes a braiding on CZ .

There is yet another piece of structure that we can extract from the topological
field theory. To see this, consider a two-manifold with boundary that is an annulus.
This admits an automorphism that comes from a full rotation of one of its boundary
circles against the other. Evaluation of the topological field theory on this invertible
2-morphism yields a natural isomorphism

θ : idCZ

∼=−−→ idCZ

from the identity functor on CZ to itself.
The categorical interpretation of this isomorphism θ is provided via the follow-

ing concept:
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Definition 5.27.

(1) A balanced braided category is a braided category C equipped with a natural

isomorphism θ : idC
∼=
−→ idC of the identity functor that satisfies θ1= id1 and

θX⊗Y = cY,X ◦ cX,Y ◦ (θX ⊗ θY )

for every pair of objects X,Y ∈C.
Such a natural isomorphism is called a balancing.

(2) A ribbon category is a rigid balanced braided category C such that

θX∨ = (θX)∨

for every X ∈C. In this case the balancing is also called a ribbon structure or
a ribbon twist .

As suggested by the choice of notation, the natural isomorphism θ (5.4) can be
shown to be a balancing. We can then summarize:

Proposition 5.28. For an extended three-dimensional topological field theory Z,
the category CZ =Z(S1) is naturally endowed with the structure of a balanced
braided monoidal category.

The pictorial description (5.26) of the braiding on the category CZ =Z(S1)
indicates in particular that one should carefully distinguish between the braiding
and its inverse (or, in more colloquial wording, between over-braiding and under-
braiding). And indeed, the braided category that is obtained by evaluating the
extended Dijkgraaf-Witten theory on the circle is not symmetric: as will be shown
in Proposition 5.44, in that case the category CZ is equivalent to the category of
finite-dimensional modules over the Drinfeld double D(G) of the group G, and in
Example 5.54 we will see that the braiding on that category is non-degenerate in
the sense of Definition 5.51 and thus in particular not symmetric.

Remark 5.29. The preceding considerations make the topological origin of the
tensor product, the braiding and the balancing plausible. A formal proof that
this way one indeed obtains a balanced braided structure on CZ =Z(S1) can be
achieved by realizing that the oriented genus-zero surfaces with multiple inputs
and one output form what is called the framed E2-operad . This endows the cate-
gory CZ =Z(S1) with the structure of an algebra over the framed E2-operad. As
explained in [Wah, SaW] this amounts precisely to a balanced braided structure
on CZ =Z(S1). An in-depth discussion of operads and their algebras is, however,
beyond the scope of this text.

Remark 5.30. In Proposition 5.28 it is understood that all pertinent structure lives
in the symmetric monoidal bicategory of 2-vector spaces. That is, the underlying
category is a 2-vector space, the tensor product consists of linear functors, and the
braiding and balancing are natural isomorphisms between linear functors. All of
this follows in fact from the very definition, because the extended topological field
theory is assumed to take values in 2-vector spaces. However, in other circumstances
one might want to consider different target categories, and then the issue of where
the structure maps live becomes important. For stronger emphasis it would thus
make sense to expand the term (balanced ) braided monoidal category in the previous
statements to (balanced ) braided monoidal category in 2-vector spaces.
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5.5. A balanced braided category from bundles

According to Proposition 5.28, the extended Dijkgraaf-Witten theory for a
finite group G (Definition 5.25) produces, by evaluation on the circle, a balanced
braided monoidal category CZ

G
=ZG(S

1); we denote this category by CK(G). We
know from (4.50) that after choosing a base point we can write

(5.31) CK(G) =
[
BunG(S

1),Vect(K)
]
∼= [G//G,Vect(K)] ,

where in the action groupoid G//G the group G acts on itself by the adjoint action.
We spell out this functor category explicitly:

Proposition 5.32. For the extended Dijkgraaf-Witten theory, the category CK(G)
associated to the circle S1 is, after the choice of a base point, equivalent to the
category whose objects are G-graded vector spaces V =

⊕
g∈GVg together with a

G-action on V such that

(5.33) g . Vh ⊆ Vghg−1

for all g, h∈G, and whose morphisms are homogeneous linear maps that intertwine
the G-action.

Proof. A functor F : G//G−→Vect(K) has to be specified on objects and on
morphisms. Defining F on objects amounts to assigning to each group element g∈G
a vector space Vg :=F (g). We assemble the collection of these vector spaces to a
G-graded vector space V :=

⊕
g∈GVg. Further, any g∈G amounts to morphisms

h−→ ghg−1 in the action groupoid G//G. The functor F sends such a morphism
to a linear isomorphism φh(g) : Vh−→Vghg−1 . We assemble these linear maps for
h∈G to an endomorphism φ(g) of V ; by construction, Φ(g) : V −→V covers the
adjoint action of G on itself. Finally, given two functors F, F ′ : G//G−→Vect(K)
with corresponding G-graded vector spaces V and V ′ and actions φ and φ′, re-
spectively, according to the commuting diagram (1.48) a natural transformation
F −→F ′ amounts precisely to a homogeneous map V −→V ′ that intertwines the
respective actions. �

As a next step we determine the tensor product on the category CK(G). We
work with the ‘small’ realization

CK(G) ∼= [G//G,Vect(K)]

given in (5.31). Recall that this identification depends on the choice of a base point
on the circle S1. Accordingly we must specify a standard model for the circle and
fix a base point. The two-manifold that yields the tensor product is a pair of pants
T , and we need to specify a standard model and a base point for T as well. We
have actually already made such choices in the proof of Proposition 4.49. Applying
the 2-linearization VK to the results obtained there we obtain the linear functor
that underlies the tensor product in CK(G). We are now in a position to give

Proposition 5.34.

(1) The tensor product of objects V and W in CK(G) is the G-graded vector space
whose component at g ∈G is

(V ⊗W )g =
⊕

s,t∈G
st=g

Vs ⊗Wt
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together with the diagonal G-action

g.(v, w) = (g.v, g.w)

for all g∈G, v ∈V and w ∈W . The associators are the obvious ones induced
by the tensor product in Vect(K).

(2) The balancing V −→V is given by

v 7−→ g.v

for v ∈ Vg.

(3) The braiding V ⊗W −→W ⊗V is given by

v ⊗ w 7−→ g.w ⊗ v

for v ∈ Vg and w∈W .

Proof. We prove the statements (1) and (2) for the tensor product and the
balancing and provide pertinent information needed for deriving the statement (3)
for the braiding, leaving further details of proving the latter as an exercise.

(1) Upon linearization, the span (4.53) of groupoids yields the cospan

[(G×G)//G,Vect(K)]

[G//G×G//G,Vect(K)] [G//G,Vect(K)]

p∗ m∗

of linear categories. Here on the right we need an arrow in the reverse direction,
meaning concretely that we must use an adjoint of m∗, which by Lemma 5.23 is a
two-sided adjoint, and which we denote by F .
The functor F sends a G-bigraded vector spaceW =

⊕
γ1,γ2∈G

Wγ1,γ2
with G-action

covering

(γ1, γ2)
h
−−→ (hγ1h

−1, hγ2h
−1)

to the G-graded vector space with homogeneous subspaces
⊕

γ1,γ2∈G,γ1γ2=γ
Wγ1,γ2

and component-wise G-action. To see that this prescription gives the adjoint func-
tor, we notice that the required isomorphism

Hom(m∗(V ),W ) ∼= Hom(V, F (W ))

for V ∈ [G//G,Vect(K)] which comes from the fact that the vector spaces on either
side consist of families of maps

fγ1,γ2 : Vγ1γ2 −→Wγ1,γ2

that are compatible with the G-action.

(2) We deal with a system of manifolds and embeddings of the general form (5.17).
For the case at hand, this is indicated in the following picture, which for better
visibility is shown in a rotated view:
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ı tlid

ıtinn ıtout
(5.35)

ıb li
d

ıbinn ıbout

The one-manifolds on the left and right of this picture are copies of the standard
model {|z|=1}⊂C of the circle S1 for which we select −i∈C as a base point, as
already done in the proof of Proposition 4.49. The two-manifolds At and Ab at the
top and bottom of the picture are copies of the standard model A of an annulus,
which we take to be the subset {1/2≤|z| ≤ 1}⊂C of the complex plane, i.e. the
unit disk in C with a smaller disk removed and with base point pA=−3i/4∈C. We
regard the inner boundary circle of A as incoming and the outer one as outgoing.
Thus schematically the maps ıbin and ıbout to the bottom lid look like

(5.36)
ıbinn ıbout

and analogously for the maps ıtout and ı
t
in to the top lid.

In order to express these embeddings in terms of group elements we work with
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groupoids BunptG of pointed bundle as introduced in Definition 1.66. Thus we con-

sider functors Bunpt(A, pA)−→Bun
pt(S1, pout) and Bunpt(A, pA)−→Bun

pt(S1, pin),
with pout=−i and pin=−i/2∈C the base points of the incoming and outgoing
boundary circle of the annulus A, respectively. For specifying these we must pre-
scribe a map between the chosen reference points in the fibers over pA and over
pout/in. This is achieved via parallel transport along the auxiliary paths aout and
ain that are indicated as dashed lines in the picture (5.36). Considering holonomies
we then get a commutative diagram

Obj(Bunpt(A, pA)) Obj(Bunpt(S1, pin))

Hom(π1(A, pA), G) Hom(π1(S
1, pin), G)

hol hol

∼=

where the map in the second row reads

π1(A, pA)
∼=
−−→ π1(S

1, pin) ,

[s] 7−−→ [ain ◦ s ◦ a
−1
in ] ,

and analogously for the outgoing boundary circle.

Consider now the three-manifold in the middle of the picture (5.35); we call it
the ‘twist-tin’ and denote it by Xtw. As the base point of Xtw we choose the
base point ıblid(Ab) of its bottom lid. Similarly as in the case of the braid-tin Xbr

(5.26) we parametrize Xtw as A× [0, 1] with A the standard model for the annulus.
We specify the tubes formed by the locus of the boundary circles at any t∈ [0, 1]

as the embedding 1
2 e

iα 7−→ (12 e
iα, t) with α∈ [0, 2π) for the incoming circle and as

eiα 7−→ (eiα+2iπt, t) with α∈ [0, 2π) for the outgoing one. This is illustrated in the
following picture:

(5.37)

Via the given parametrization of the tube for the incoming boundary circle of the
annulus, the two maps ıblid ◦ ı

b
in and ıtlid ◦ ı

t
in are homotopic. As seen in Example

1.56, this implies that for any G-bundle PG on Xtw we have a natural isomorphism

(ıblid ◦ ı
b
in)

∗
PG

∼=
−−→ (ıtlid ◦ ı

t
in)

∗
PG .
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By taking bundle groupoids we then get the diagram

BunG(At)

BunG(S1) BunG(Xtw) BunG(S1)

BunG(Ab)

(ıtin)
∗

(ıtout)
∗

(ıtlid)
∗

(ıblid)
∗

(ıbin)
∗

(ıbout)
∗

of groupoids and functors, with natural transformations arising from homotopies
as fillers. Our strategy is now to work with the equivalent groupoids BunptG and
then reduce to ‘small’ realizations, whereby we deal with the diagram

(5.38)

G//G

G//G G//G G//G

G//G

id id
F t

lid

Fb
lid

id id

To find the functors F t
lid and F b

lid and the natural transformations that furnish the
fillers in this diagram we proceed as follows. On the top and bottom lid we use
parallel transport along auxiliary paths to specify the reference points in the fibers.
In this way we get the identity functors on G//G as indicated in (5.38).

Next we relate the twist-tin Xtw to the annuli at its lids in the following way. At the
bottom, we select the same base point pbA as for the annulus and, for a given choice of
G-bundle P , the same reference point in the fiber Ppb

A
. At the top we take again the

base point ptA of the annulus and perform parallel transport along the parametrized
tubes, properly accounting for the principle of globularity (as expounded in Remark
5.16(3)). This way we specify two points qin, qout ∈Ppt

A
in the same fiber. It follows

that F t
lid and F b

lid are the identity functor on G//G. Moreover, if we use qin as a
reference point in the fiber, then we see that the filler of the left quadrangle in
(5.38) is the identity natural transformation. On the other hand, the points qin
and qout are different; we have qout = g.qin with g the holonomy of the bundle PG
around the non-contractible closed path that is obtained by concatenating the path
on the outer tube with the inverse of the path on the inner tube (and with the
appropriate auxiliary paths on the lids). Accordingly, the natural transformation
α : id⇒ id that is the filler of the right quadrangle in (5.38) has components

αγ : id(γ) = γ
γ
−−−→ γγγ−1 = γ = id(γ) .

for γ ∈G. After linearization, this induces the balancing in the claimed form.

(3) The manifolds and embeddings relevant for the braiding are indicated in the
following picture:
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1 2

ht2

ht1

ı tlid

ıtinn
ıtout

(5.39)

g1g2

2 1

hb2

hb1

ıb li
d

ıbinn ıbout

Here the two-manifolds Tt and Tb at the top and bottom of the picture are copies of
the standard model of the pair of pants shown in (4.52), including the choice of base
points of their boundary circles. But instead of taking over the more symmetric
choice of base point of T made in (4.52) we select the base point for the fundamental
groups of Tt and Tb to coincide with the base points of the respective outgoing
circles, as this will slightly simplify the discussion below. We denote the generators
of π1(Tt, p

t
0) and π1(Tb, p

b
0) by ht1,2 (top) and by hb1,2 (bottom), respectively. We

refer to the three-manifold with corners in the middle of the picture again as the
braid-tin Xbr and choose its base point pX to coincide with the base point of the
outgoing boundary circle of the bottom lid. The fundamental group π1(Xbr, pX) of
the braid-tin is generated by the paths that we denote by g1 and g2.

The two maps ıbout and ıtout on the right part of the picture (5.39) embed the
standard circle to the outgoing boundary of the bottom and top lid, respectively,
preserving the base point. The two maps ıblid and ıtlid in the middle part embed the
respective copies of (4.52) as the bottom and top lids of the tin. The two maps ıbin
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and ıtin on the left part of (5.39) embed the disjoint union S1 ⊔S1 (i.e. an ordered
pair of standard circles, which we indicate by attaching labels 1 and 2 to them),
to the two incoming boundary circles of the top and bottom lid, in such a way
that base points are preserved and that the total map to Xbr is in agreement with
the principle of globularity. Thus ıbin preserves the labels of the circles, while ıtin
exchanges them.

Consider now G-bundles over Xbr and over the embedded lids and boundary circles
and describe them in terms of holonomies, leading to finite groupoids. Restriction
of bundles then furnishes the following span of spans of groupoids:

(G×G)//G

G//G×G//G (G×G)//G G//G

(G×G)//G

F t
in F t

out

F t
lid

Fb
lid

Fb
in Fb

out

Here in the left and right columns G acts by the adjoint action, and in the middle
column by the diagonal adjoint action. The functors in this diagram are determined
by the effect of pullback of bundles on holonomies. Our task is to obtain these
functors and the natural transformations that are the fillers in the two squares of
(5.5) explicitly. For F b

lid this is immediate: owing to the identification of the base
points of the bottom lid and of Xbr it is the identity functor. The two functors
F b
out, F

t
out : (G×G)//G−→G//G coincide; they map objects as (γ1, γ2) 7−→ γ1γ2 and

map a morphism (γ1, γ2)
h
−→ (hγ1h

−1, hγ2h
−1) to

F b,t
out(h) : γ1γ2 −→ (hγ1h

−1) (hγ2h
−1) = hγ1γ2h

−1.

Next, since ıbin preserves the numbering of the circles, F b
in maps objects trivially

as (γ1, γ2) 7−→ (γ1, γ2), while on morphisms it is the diagonal map. In contrast,
since ıtin reverses the numbering, F t

in maps objects as (γ1, γ2) 7−→ (γ2, γ1) and maps
a morphism h : (γ1, γ2)−→ (hγ1h

−1, hγ2h
−1) to a morphism

F t
in(h) : (γ1, γ2) −→ (hγ2h

−1, hγ1h
−1) .

Finally, for computing F t
lid we must relate the two generators of the fundamental

group π1(Xbr, pX) of the tin to paths in the top lid. This is done by concatenating
paths in the following manner: starting at the base point pt0 of the top lid, follow the
path to pX that in the picture (5.39) is drawn as a dashed-dotted line, then along
either of the two generators of π1(Xbr, pX), and then back along the dashed-dotted
path to pt0. The so obtained path can be contracted within Xbr to a closed path
in the top lid; the resulting images of the two generators g1 and g2 of π1(Xbr, pX)
look as follows:

g1
and g2
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The path obtained as the image of g1 can be expressed as the concatenation of a
path running counter-clockwise around the right circle, followed by a path counter-
clockwise around the left circle, and then clockwise around the right circle. This
shows that F t

lid maps objects according to (γ1, γ2) 7−→ (γ1γ2γ
−1
1 , γ1). We can combine

this information into the diagram

G//G×G//G (G×G)//G G//G

F t
in◦F

t
lid

Fb
in◦F

b
lid

F t
out◦F

t
lid=F

b
out◦F

b
lid

β

of functors between groupoids. Here on the left part we need a natural transforma-
tion β as a filler between the non-coinciding functors F b

in ◦F
b
lid and F t

in ◦F
t
lid. As

can be read off the mapping prescriptions for these functors, the components of β
are morphisms

β(γ1,γ2) : (γ1, γ2) =F b
in ◦F

b
lid(γ1, γ2)

−→ F t
in ◦F

t
lid(γ1, γ2) = (γ−1

1 γ2γ1, γ1)

in G//G×G//G. An analysis similar to the one for the case of the balancing reveals
that these components are the morphisms

(5.40) β(γ1,γ2) = (γ1, e) .

Finally we linearize. The functor

(F b
in ◦F

b
lid)

∗ : [G//G×G//G,Vect(K)]−→ [(G×G)//G,Vect(K)]

maps the G×G-graded vector space V =
⊕

g1,g2∈G
Vg1,g2 endowed with the G×G-ac-

tion covering the adjoint action (h1, h2).Vg1,g2⊂Vh1g1h
−1
1 ,h2g2h

−1
2

to the same G×G-

graded vector space endowed with a G-action h.Vg1,g2⊂Vhg1h−1,hg2h
−1 . The functor

(F t
in ◦F

t
lid)

∗ : [G//G×G//G,Vect(K)]−→ [(G×G)//G,Vect(K)]

changes the grading in such a way that the component of degree (g1, g2) is Vg2g1g
−1
2 ,g2

.

Hence on the homogeneous subspace Vg1,g2 the natural transformation

β∗ : (F b
in ◦F

b
lid)

∗
−→ (F t

in ◦F
t
lid)

∗

is given by the g2-action on the first argument. Now we already know that the
composite

⊗ := (F b
out ◦ F

b
lid)∗ ◦ (F

b
in ◦F

b
lid)

∗
: CK(G)⊠ CK(G) −→ CK(G)

is the tensor product. Likewise,

⊗opp := (F t
out ◦ F

t
lid)∗ ◦ (F

t
in ◦F

t
lid)

∗
: CK(G)×CK(G) −→ CK(G)

is the opposite tensor product. Thus the braiding we are looking for is the horizontal
composition

id(Fb
out◦F

b
lid)

⋆ β∗ : ⊗ −→ ⊗opp
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of natural transformations. From the result for β∗ we find that its component
(
id(Fb

out◦F
b
lid)

⋆ β∗
)
(γ1,γ2)

= (F b
out ◦F

b
lid)(β

∗
(γ1,γ2)

) :
⊕

γ∈G

⊕

γ
1
,γ

2
∈G

γ
1
γ
2
=γ

Vγ1 ⊗Wγ2 −→
⊕

γ∈G

⊕

γ
1
,γ

2
∈G

γ
1
γ
2
=γ

Wγ2 ⊗Vγ1

at (γ1, γ2) is given by

v⊗w 7−→ γ1 .w⊗ v

for homogeneous vectors v⊗w ∈Vγ1 ⊗Wγ2 . (Note that γ1 .w⊗ v has the same de-

gree (γ1γ2γ
−1
1 ) γ1 = γ1γ2 as v⊗w, as required.) �

Exercise 5.41. Complete the derivation of the formula (5.40) for the natural trans-
formation that determines the braiding on CK(G).

For a finite group G, we denote by K(G) the commutative algebra that is
obtained by endowing the vector space Map(G,K) of K-valued functions on G
with the pointwise product of functions, i.e. (f1 f2)(g) := f1(g) f2(g). (Recall that
Map(G,K) can also be endowed with the convolution product (4.44), which is non-
commutative if G is not abelian.) The vector space Map(G,K) has a basis (δg)g∈G
consisting of the group delta functions (4.45) that are supported in a single group
element. These form a complete set of orthogonal idempotents under the pointwise
product:

(5.42) δg δh = δg,h δh and
∑

g∈G

δg = 1 .

Further, as in Definition 1.15 we denote by K[G] the group algebra of G, with basis
{βg | g∈G}. The tensor product vector space

D(G) := K(G)⊗K K[G]

carries a multiplication given by

(δa⊗βb) (δc⊗ βd) = δa δbcb−1 ⊗ βb βd for all a, b, c, d∈G .

This multiplication makes D(G) into a unital associative algebra, which is called
the Drinfeld double of G. By definition, the multiplication satisfies in particular

(5.43) (1⊗βg) (δh⊗βe) = δghg−1 ⊗βg

for g, h∈G; this is called the straightening formula.

Proposition 5.44. The categoryD(G)-mod of finite-dimensional modules over the
Drinfeld double D(G) is equivalent as an abelian category to the category CK(G)
extracted from the extended Dijkgraaf-Witten theory.

Proof. By restriction to the subalgebras K(G) and K[G], a finite-dimensional
D(G)-module (V, ρ) has the structure of a K(G)-module and of a K[G]-module.
As a consequence of the completeness relation (5.42) for the group delta func-
tions (δa)a∈G in K(G) we have a direct sum decomposition V =

⊕
g∈G Im (δg), i.e.

V =
⊕

g∈G Vg is a graded vector space, as in Proposition 5.32. In particular, on a
homogeneous vector vg of degree g ∈G we have

(δa⊗βe).vg = δa,g vg .
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Also, by applying the straightening formula (5.43) to vectors in Vh one sees that
g.Vh⊆Vghg−1 , as in (5.33). This implies that (δa⊗βg).vh= δa,ghg−1 g.vh for vh ∈Vh.
We leave the full details of the proof to the reader. �

For a finite groupG, a K[G]-comodule structure on a vector space V amounts to
a K[G]∗-module structure. Using that K[G]∗ =K(G), a D(G)-module can therefore
alternatively be described as a vector space that is endowed with a module and a
comodule structure together with an appropriate compatibility condition. Such a
structure is called a Yetter-Drinfeld module. For details about this description we
refer to [Kas, Ch. IX.5], where Yetter-Drinfeld modules are called crossed bimodules.

Remark 5.45. The category of D(G)-modules is in particular braided. This is
in fact a special case of the following much more general result: To any monoidal
category C one can associate a braided monoidal category Z(C), called the Drinfeld

center of C.

An object of Z(C) is a pair consisting of an object X ∈C and a half-braiding for
X . The latter is a natural family σ=(σY )Y ∈C of morphisms σY : Y ⊗X −→X ⊗ Y
such that the hexagon identity

(σY ⊗ idY ′) ◦ a−1
Y,X,Y ′ ◦ (idY ⊗σY ′) = a−1

Y,X,Y ′ ◦ σY⊗Y ′ ◦ a−1
Y,Y ′,X

for all Y, Y ′ ∈C. The morphisms HomZ(C)((X, σ), (X
′, σ′)) are those morphisms

f : X −→X ′ in C that satisfy (f ⊗ idY ) ◦σY =σ′
Y ◦ (idY ⊗ f) for all Y ∈C. No-

tably, this construction works without assuming C to be braided, and thus even
for monoidal categories C that do not admit any braiding at all.

This construction generalizes further to the relative Drinfeld center ZC(M) of a
module category M over a monoidal category C, which is equivalent to the cate-
gory of C-bimodule functors from C toM [GelNN].

Remark 5.46. The functor

G-Rep −→ D(G)-mod ,

V 7−→ Ve

is monoidal and fully faithful. Thus the symmetric monoidal category G-Rep is
a full monoidal subcategory of D(G)-mod. In fact, the objects of D(G)-mod are
pairs consisting of those objects of the category G-Rep that admit braidings and
all possible braidings on them. Alternatively, one can describe them also as pairs
consisting of objects of the category VectG(K) together with all possible braidings.

5.6. 3-2-1-dimensional TFTs and modular categories

According to Proposition 5.28, every extended three-dimensional topological
field theory produces, by evaluation on the circle, a balanced braided category.
In other words, the evaluation on the circle provides a map from extended three-
dimensional topological field theories to balanced braided categories. This raises
the natural question whether we can, analogously as for two-dimensional topological
field theories, use this map for achieving a classification. Indeed, we will see that the
evaluation on the circle provides an equivalence from extended three-dimensional
topological field theories to balanced braided categories with some additional prop-

erties.
In addition to the notion of a ribbon category that we provided in Definition

5.27 we need
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Definition 5.47.

(1) A finite category over a field K is a K-linear category that is linearly equiv-
alent to the category of finite-dimensional modules over a finite-dimensional
K-algebra.
(No such equivalence is selected.)

(2) A finite tensor category over K is a finite category with rigid tensor product
and simple monoidal unit 1 (i.e. 1 has exactly two non-isomorphic subobjects,
namely 1 itself and 0).

(3) A finite ribbon category is a finite tensor category with braiding and balancing
that obey the ribbon condition from Definition 5.27(2).

(4) A fusion category is a semisimple finite tensor category.

Remark 5.48. Requiring the monoidal unit to be simple is unimportant: Any
semisimple braided monoidal category with possibly non-simple monoidal unit splits
into the direct sum of semisimple braided monoidal categories with simple unit
[BDSV, Lemma 5.3].

The next two exercises show how the categorical structures just introduced are
realized on representation categories of Hopf algebras.

Exercise 5.49. Let A be a finite-dimensional Hopf algebra over a field K. Using
Theorem 2.84, conclude that the category A-mod of finite-dimensional A-modules
over K comes with the structure of a finite tensor category.

Exercise 5.50. Let A be a finite-dimensional Hopf algebra that is quasi-triangular
with R-matrix R. By combining Exercises 5.49 and 2.107, show that A-mod comes
with the structure of a finite braided tensor category.
One defines a ribbon element to be an invertible central element ν ∈A satisfying

∆(ν) = (R21R)
−1 · (ν ⊗ ν) , ε(ν) = 1 and s(ν) = ν .

Prove that any ribbon element of A yields a ribbon structure on the categoryA-mod
whose component at a finite-dimensional A-module V is given by

θV : V −→ V ,

v 7−→ ν−1. v .

We next need to characterize the braiding that appears on categories arising
from the evaluation of a topological field theory on a circle.

Definition 5.51.

(1) A transparent object in a braided monoidal category C is an object X ∈C such
that

cY,X ◦ cX,Y = idX⊗Y

for every Y ∈C.

(Thus the monoidal unit 1 is a transparent object.)

(2) A braiding on a finite tensor category is called non-degenerate if every trans-
parent object is isomorphic to a finite direct sum 1⊕ · · · ⊕1 of copies of the
monoidal unit.

(3) A modular category, also called modular tensor category, is a finite ribbon ca-
tegory with a non-degenerate braiding.

(4) A semisimple modular category is also called a modular fusion category.
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Remarks 5.52.

(1) A ribbon category has a distinguished pivotal structure. This pivotal struc-
ture is spherical, so that in any ribbon category the left trace and right trace
coincide.

(2) Given a ribbon fusion category C and a set {Ui}i∈I of representatives of its
isomorphism classes of simple objects, one defines two square matrices S and
T as follows: S is the symmetric matrix with entries

Si,j := tr
(
cUj ,Ui

◦ cUj ,Ui

)
,

while T is the diagonal matrix whose diagonal entries are the twist eigenvalues
of the objects Ui, i.e. Ti,i=ϑi with θUi

=ϑi idUi
. The matrix S is invertible if

and only if the category C is modular.

(3) The two matrices S and T together are often referred to as the modular data

of C. These data can be explicitly computed for some classes of modular fusion
categories and have therefore attracted a lot of attention. However, they do not
determine a modular tensor category: there are inequivalent modular tensor
categories having the same modular data [MiS].

(4) One can characterize the non-degeneracy of the braiding alternatively as fol-
lows. For a braided finite tensor category C denote by Crev the same monoidal
category as C, but with inverted braiding. Recall the notion of Deligne tensor
product ⊠ from page 136; the Deligne product C⊠ Crev comes with a distin-
guished braided monoidal functor to the Drinfeld center Z(C). The braiding is
non-degenerate if and only if this functor is an equivalence of categories. Fur-
ther characterizations of non-degenerately braided categories are given in [Shi].

We can now refine Proposition 5.28:

Theorem 5.53 ([BDSV, Prop. 4.8,, Thm. 4.9&Cor. 5.15]).

The balanced braided category obtained by evaluating a 3-2-1-dimensional topo-
logical field theory on the circle is a modular fusion category. In particular, it is
rigid.

Example 5.54. The Drinfeld doubleD(G) of a finite groupG introduced in Section
5.5 can be endowed with the structure of a quasi-triangular Hopf algebra as follows.
In terms of the bases {δg} of the function algebra K(G) and {βg} of the group
algebra K[G] the coproduct, counit and antipode are given by

(5.55) ∆(δa⊗ βb) :=
∑

c∈G

δc⊗βb⊗ δc−1a⊗ βb ,

and

ε(δa⊗ βb) := δa,e and s(δa⊗βb) := δb−1a−1b⊗ βb−1

for a, b∈G. Let us verify that the coproduct (5.55) matches the tensor product
derived geometrically in Proposition 5.34: Using that acting with the orthogonal
idempotents δh projects to homogeneous components, we obtain

(δa⊗βb).(vg ⊗wh) =
∑

c∈G

(δc⊗βb).vg ⊗ (δc−1a⊗βb).wh

=
∑

c∈G

(b.vg)c ⊗ (b.wh)c−1h
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for homogeneous vectors vg ∈Vg and wh ∈Wh in D(G)-modules V andW . We thus
find a diagonal action of b∈G together with preservation of the total homogeneous
degree, in full agreement with Proposition 5.34(1).

Further, by direct computation one checks that

R :=
∑

c∈G

δc⊗βe⊗ 1⊗βc

with 1 :=
∑

a∈G δa is an R-matrix for the so defined Hopf algebra structure on
D(G), and that

ν :=
∑

c∈G

δc⊗βc−1

is a ribbon element. By Exercise 5.50, this makes the category D(G)-mod of finite-
dimensional D(G)-modules a finite ribbon category. Also, the braiding can be
verified to be non-degenerate, hence this category is modular. By Exercise 2.107
the braiding on the monoidal category D(G)-mod obtained from the R-matrix is
given by

cRV,W : v⊗w 7−→ R2 .w ⊗R1 .v

for v and w vectors in D(G)-modules V and W , respectively. Applying this pre-
scription to homogeneous vectors vg ∈Vg and wh ∈Wh gives

R2 .wh ⊗R1 .vg =
∑

c∈G

(1⊗βc).wh ⊗ (δc⊗ βe).vg

= (g.wh)⊗ vg .

Here the second equality follows because from the second tensorand only the homo-
geneous component in degree g contributes to the sum. The so obtained braiding
is exactly the one derived geometrically in Proposition 5.34(3).

Finally, to determine the twist θ(vg)= ν−1.vg on a homogeneous element vg ∈V of
degree g ∈G, we compute

ν .vg =
∑

c∈G

δc c
−1.vg = g−1.vg .

Here we use that the element c−1.vg is homogeneous of degree c−1g c, which forces
c−1g c= c and thus selects the term with c= g in the sum. Since the action of g is
invertible, we thus get

θ(vg) = ν−1.vg = g.vg .

This coincides with the result we derived geometrically in Proposition 5.34(2).

Exercise 5.56. The (once-)extended three-dimensional Dijkgraaf-Witten theory
ZG for a finite group G associates to the torus S1×S1 the vector space that is
spanned by the simple objects of the category of CK(G). (To prove this statement
requires concepts that are somewhat beyond what we provide in this text.)
Use this information to show that the number of irreducible representations of the
Drinfeld double of G equals the number of commuting triples (g1, g2, g3)∈G×G×G
divided by the order |G|. (See also Theorem 24 in [Wil].)

Examples 5.57. Let us present a few further known classes of modular tensor
categories.
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(1) Let A be a finite abelian group. Consider the category VectA(K) of A-graded
K-vector spaces, with the monoidal structure as described in Example 2.15(5).
Recall from Example 2.47 that we can modify the associator

a0g1,g2,g3 : (Vg1 ⊗Vg2 )⊗Vg3 −→ Vg1 ⊗ (Vg2 ⊗Vg3)

that is inherited from Vect(K) by a 3-cocycle ω : G×G×G−→K×. Validity
of the pentagon axiom for ag1,g2,g3 :=α(g1, g2, g3) a

0
g1,g2,g3 is equivalent to the

closedness condition (2.48) obeyed by ω.
Similarly, the symmetric braiding

c0g1,g2 : Vg1 ⊗Vg2 −→ Vg2 ⊗Vg1

on VectA(K) that is inherited from Vect(K) can be modified (using that A is
abelian) by a function γ : G×G−→K×. The requirement that

cg1,g2 := γ(g1, g2) c
0
g1,g2

is a braiding, i.e. obeys the two hexagon axioms (see Definition 2.89), leads to
polynomial equations for γ, which can easily be worked out (or be looked up
in e.g. [MooS2, App. E]).
In fact [EiM], the pair (ω, γ) constitutes a 3-cocycle for a cohomology theory
known as abelian group cohomology. Moreover, the map q : H3

ab(A,K
×)−→K×

that is given by g 7→ γ(g, g) is a quadratic form on the group A, i.e. obeys
q(g−1)= q(g) and is such that the map (g1, g2) 7→ q(g1g2) q(g1)

−1 q(g2)
−1 is a

group homomorphism in each argument. It follows that we can associated to
a finite abelian group A and a quadratic form q : A−→K× a braided fusion
category C(A, q) whose isomorphism classes of simple objects are in bijection
with the elements of A. The braiding on C(A, q) is non-degenerate if and only
if the quadratic form q is non-degenerate (see Example 8.13.5 of [EtGNO]). To
obtain a ribbon category, additional data must be specified.

(2) Recall from Example 2.24 the notion of a Lie algebra over a field K. A (non-
zero) Lie algebra is called simple if it does not contain any ideal besides itself
and the zero vector space. (For instance, the vector spaces sl(n) of traceless
n×n -matrices, endowed with the commutator as a Lie bracket, are simple Lie
algebras.) Consider a finite-dimensional Lie algebra g over the complex num-
bers that is a finite direct sum g=

⊕
igi of simple Lie algebras. To gi one

associates an (infinite-dimensional) untwisted affine Lie algebra ĝi as a cen-
tral extension of its loop algebra (see e.g. [Kac] or Chapter 12 of [FS1]). An
important subclass of representations of the Lie algebra ĝi are the integrable
representations which, like the irreducible finite-dimensional representations of
gi are highest weight representations. Such a representation can be charac-
terized by a highest weight of gi and a number ki, called the level, which for
integrability must be a positive integer.
For any collection {ki} of positive integers (one for each simple ideal gi of g)
there exists a modular tensor category C(g, {ki}) whose simple objects are given
by tuples of representations of ĝi that are integrable of level ki. The modular
data of C(g, {ki}) are e.g. presented in Theorem 13.8 of [Kac]. Further de-
tails for the modular tensor category C(sl(2), k) can be found in Section 2.1
of [FeFFS] and Section 8.18.2 of [EtGNO].

(3) Also some more specific classes of modular fusion categories are known, such
as [ArCRW] the so-called metaplectic modular categories.
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(4) An important source for examples of non-semisimple modular tensor categories
is a construction that makes use of screening charges on vertex operator alge-
bras; via Nichols algebras these are intimately related to representation cate-
gories of quantum groups [Len]. The modular tensor categories for so-called
symplectic fermions can be regarded as special cases, see e.g. [Ru]. A detailed
treatment of such models goes beyond the level of the present notes.

We are now in a position to state the classification result for 3-2-1-dimensional
topological field theories, which is stated in the unpublished Preprint [BDSV]. The
result does not literally apply to the type of 3-2-1-dimensional topological field
theory given by Definition 5.18, but rather to a slight variant of it. More specifically,
the groups of invertible three-dimensional cobordisms Σ−→Σ for every surface Σ
– that is, the mapping class groups, i.e. the groups of isotopy classes of self-diffeo-
morphisms of surfaces, see Remark 2.104 – must be enlarged by passing to a certain
central extension. We refer to Chapter 4 of [Tur1] for details of this extension,
to [FaM] for an exposition of the theory of mapping class groups, and to [Fun]
for a review of mapping class group representations coming from topological field
theories. By allowing for such a central extension we arrive at the notion of an
anomalous 3-2-1-dimensional topological field theory. (The inclusion of the anomaly

is standard, to the extent that the qualification ‘anomalous’ is frequently omitted
even when, like for instance in the theories obtained by surgery constructions (see
Section 6.4.3), strictly speaking it must be kept.) The field theories covered by
Definition 5.18, without the anomaly, are then called anomaly-free. Our working
example, Dijkgraaf-Witten theory, is anomaly-free, and accordingly we refrain from
a further discussion of the anomaly here.

Theorem 5.58. [BDSV]

The evaluation of 3-2-1-dimensional topological field theories on the circle provides
an equivalence



anomalous 3-2-1-dimensional
topological field theories

with values in 2-vector spaces





≃
−−−→




semisimple modular categories

in 2-vector spaces
with possibly non-simple unit



.

Proposition 5.59. The topological field theory associated to a semisimple modular
category C assigns to a compact oriented surface of genus g with p incoming and q
outgoing boundary components the linear functor C⊠p−→C⊠q that sends the object
X1⊠ · · · ⊠Xq to

n⊕

i1,...,iq=1

HomC(Yi1 ⊗ · · · ⊗Yiq , X1⊗ · · · ⊗Xp ⊗ F
⊗g)Yi1 ⊠ · · ·⊠ Yiq ,

where F=
⊕n

i=1Xi⊗X∨
i , and where the direct sum runs over a set of representa-

tives for the isomorphism classes of simple objects of C.
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CHAPTER 6

More about TFTs: a few appetizers

Topological field theories, which been studied intensively for more than three
decades, are still under active investigation, both in mathematics and in physics.
In this final chapter we outline a few directions of recent and ongoing research
and make suggestions for further reading. Our main focus is on developments at
the interface to category theory and representation theory. Needless to say, our
selection is biased by the authors’ taste and restricted knowledge.

Recall that a topological field theory is a symmetric monoidal functor

Cob −→ V

from some symmetric monoidal (possibly higher) category of cobordisms to a sym-
metric monoidal (higher) category V . Various different cobordism categories will
be involved in the subsequent considerations.

6.1. Modular functors

The notion of a 3-2-1-dimensional topological field theory has the following
important weakening. In Theorem 5.53 we have seen that any 3-2-1-dimensional
topological field theory leads, by evaluation on the circle, to a semisimple ribbon
category. On the other hand, as has been known for a long time [Lyu], there
are also non-semisimple ribbon categories that allow for many constructions in-
herent in a topological field theory, including those described in Proposition 5.59.
In particular one can still construct functors for oriented surfaces with boundary
circles that carry an action of the mapping class group of surfaces, i.e. the group of
orientation-preserving self-diffeomorphisms up to isotopy. Concretely, to any map-
ping class group element one may associate a natural isomorphism of functors in
such a way that the composition of mapping classes is respected. Moreover, the so
obtained linear functors associated to surfaces are also compatible with the gluing
of surfaces; details can be found in [Lyu] and also e.g. in Section 2 of [FSS] and
in [FScS]. Together, the linear functors associated to surfaces, their mapping class
group actions and their gluing properties form what is known as a modular functor ,
see e.g. [Til, BakK]. A modular functor can be thought of as a 3-2-1-dimensional
topological field theory that is not defined on all three-manifolds.

The mapping class group actions that arise in this way play a crucial role in var-
ious applications, such as for the design of logical gates in topological quantum com-
puting (see e.g. [BlW]) and for the construction of correlators in two-dimensional
conformal field theories that was mentioned in Remark 3.13.

It is an obvious question to ask how a modular functor can be extended to a
full-fledged 3-2-1-dimensional topological field theory. This question has been ad-
dressed, using a particular presentation of the oriented three-dimensional cobordism
category, in the setting of string-net models in [Bar].

159
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6.2. Boundaries and defects

In recent years it has become increasingly clear that manifolds with boundary
and stratified manifolds should be admitted as the space on which a quantum field
theory is formulated. Accordingly, in the case of topological field theories one
also considers cobordism categories defined in terms of manifolds that can have
boundaries or even corners and, moreover, come with distinguished submanifolds
of various codimensions. The precise definition of a stratified manifold is subtle;
we refrain from presenting it here and instead refer to Section 1 of [AyFR].

6.2.1. Two-dimensional topological field theory with boundaries.

For two-dimensional TFTs with boundaries, the appropriate symmetric monoidal
cobordism category Cob∂2,1 has compact one-dimensional manifolds without bound-
ary as well as compact one-dimensional manifolds with boundary as objects. An
object of Cob∂2,1 is thus isomorphic to a finite disjoint union of copies of the standard

interval I = [0, 1]⊂R and of the standard circle S1⊂C. A morphism B : M −→N
between objects M and N consists of an oriented smooth surface B with bound-
ary and corners and an orientation preserving embedding M ⊔N →֒ ∂B. Surfaces
which are diffeomorphic relative to the parametrized boundary are considered as
equivalent and describe the same morphism in Cob∂2,1.

The boundary ∂B of an object B is allowed to contain segments that are not
parametrized. Those segments that are parametrized are called gluing circles re-
spectively gluing intervals. Composition of morphisms in Cob∂2,1 is given by gluing
along parametrized segments of the boundary, and the tensor product is disjoint
union. We call the category Cob∂2,1 the category of open-closed cobordisms. Cob∂2,1
contains the category Cob2,1 discussed in Section 3.2 as a subcategory. For more de-
tails about Cob∂2,1, in particular a presentation in terms of generators and relations,
we refer to [LaP].

A TFT on two-manifolds with boundary is defined as a symmetric monoidal
functor

Z : Cob∂2,1 −→ Vect(K) .

With the help of a presentation of the category Cob∂2,1, this functor can be studied
in the spirit of the analysis that led to Theorem 3.14 relating two-dimensional
topological field theories to commutative Frobenius algebras. Indeed, the evaluation
of Z on S1 gives again a commutative Frobenius algebra A, while the evaluation
on the interval I gives a symmetric Frobenius algebra A∂ that is not necessarily
commutative. Additional structure comes from a cobordism called the zipper, that
is, an annulus for which one boundary component is a gluing circle and the second
boundary component contains one gluing interval. This provides two morphisms in
Cob∂2,1, one for which the gluing circle is incoming and the gluing interval is outgoing,
and one for which the interval is incoming and the circle is outgoing. Applying the
functor Z to these morphisms gives two linear maps

ı : A −→ A∂ and ı : A∂ −→ A ,

which have to obey various consistency conditions. The resulting algebraic system
is called a knowledgeable Frobenius algebra in [LaP]; we refer to that paper and
to [MooS1] for further information.
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6.2.2. Boundary conditions.

A striking new feature of Cob∂2,1 is the presence of the unparametrized boundary
segments, which are often called physical boundaries. In the setting of Section 6.2.1
the physical boundary segments of a cobordism are unlabeled. A further refinement
is achieved by instead considering labeled physical boundaries, i.e. attaching to each
physical boundary a value in some collection {a} of labels; these labels are called
boundary conditions. This raises immediately the question of how, based on the
knowledge of the commutative Frobenius algebra assigned to the gluing circle S1 or
of the symmetric Frobenius algebra assigned to a gluing interval I, we can determine
the set of all possible boundary conditions.

To address this issue we first notice that in the situation we are considering now,
instead of having a single type of parametrized interval I, one effectively deals with
a collection of gluing intervals Iab , with a and b the boundary conditions carried by
the physical boundary segments adjacent to the end points of the gluing interval.
By the same considerations as in the case of unlabeled physical boundaries, one
then obtains a symmetric Frobenius algebra

Aa := Z(Iaa )

for every boundary condition a, each of them endowed with maps ıa and ıa to and
from the bulk algebra A=Z(S1) as described in Section 6.2.1. In addition, we
have vector spaces Ma

b :=Z(Iab ) with a 6= b. Consider now a circle with three gluing
intervals for which the three connected components of the complement of the gluing
intervals are labeled by a, a and b, respectively. Taking the gluing intervals Iaa and
Iba to be incoming and the third interval Iba to be outgoing, we obtain an action of
the algebra Aa on Ma

b , whereby M
a
b becomes a left Aa-module.

We thus get a linear category C whose objects are boundary conditions and
whose morphism spaces are given by the vector spaces Ma

b . (Since the endomor-
phisms carry the additional structure of a Frobenius algebra, C has actually a bit
more structure: it is a Calabi-Yau category.) In the case of the two-dimensional
Dijkgraaf-Witten theory for a finite group G, the category C has been argued to
be equivalent to the category G-Rep of finite-dimensional G-representations; more
information, in particular concerning the relation with the bulk algebra. is given in
Example 2.2 in [MooS1]. (For boundary conditions in three-dimensional Dijkgraaf-
Witten theories see Section 6.2.5.)

6.2.3. Defect lines.

Once we allow for the presence of (labeled) physical boundaries, it is quite natural
to admit also ‘inner boundaries’, or defect lines. We briefly note a few pertinent
results: Such defect lines divide the interior of a cobordism into two-dimensional
regions, to each of which we can assign a symmetric Frobenius algebra that lies in
the Morita class of the boundary algebra Aa if the region is adjacent to a physical
boundary with boundary condition a. In general, the Frobenius algebras on either
side of a defect line need not belong to the same Morita class. While a boundary
condition corresponds to a module over a boundary algebra that is determined up
to Morita equivalence, a defect line is then naturally labeled by a bimodule over a
pair of not necessarily Morita equivalent symmetric Frobenius algebras.

The investigation of defects of various codimensions in quantum field theories
has in fact given rise to a shift of paradigm in the perception of symmetries. See
e.g. [FS2] for the case of three-dimensional topological field theories and [Gom] for
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developments in the study of more general quantum field theories.

6.2.4. Three-dimensional TFTs with boundaries.

Boundaries can be considered for topological field theories of any dimension. A con-
venient starting point for an intuitive analysis of three-dimensional TFTs on mani-
folds with boundary is to determine the labels for various types of one-dimensional
embedded submanifolds or, in physics terminology, of Wilson lines. One arrives at
the following picture [FSV1].

For each boundary condition a there is a category Wa whose objects are the
types of boundary Wilson lines that are located in the interior of a boundary com-
ponent labeled by the boundary condition a. Since bulk and boundary are oriented
manifolds, the categoryWa should be a spherical fusion category. As the boundary
Wilson lines are confined to a two-dimensional manifold, Wa does not come with
the additional structure of a braiding.

The corresponding category C of bulk Wilson lines is naturally a braided cate-
gory. Postulating the existence of a “smooth” process of moving a bulk Wilson line
to the boundary, for every boundary condition a one obtains a functor

Fa : C −→ Wa .

Imposing on the functor Fa a maximal number of naturality properties singles out
a distinguished class of boundary conditions. This leads to the conclusion [FSV1]
that C should be the Drinfeld center Z(Wa) of Wa and Fa the functor that forgets
the half-braiding.

The categoryWa is naturally a module category over C. However, notably, not
every C-module category can be obtained this way. For instance, when Wa is the
category of finite-dimensional representations of the finite group Z2, so that Z(A)
is the category of finite-dimensional representations of the Drinfeld double D(Z2),
then there are two indecomposable Wa-module categories, but six indecomposable
Z(Wa)-module categories (see [Ost, Thm. 3.1]).

The following new phenomenon arises. While every commutative algebra is the
center of some associative algebra (namely of itself), a braided category, even if its
braiding is non-degenerate, is not necessarily equivalent to the Drinfeld center of
any monoidal category. In fact, non-degenerately braided finite tensor categories
admit an equivalence relation such that the set of equivalence classes has a group
structure, with the class of Drinfeld centers as its neutral element. This Witt group

of non-degenerately braided tensor categories is a highly interesting object; for
details we refer to [DaMNO]. The non-triviality of the Witt group implies that there
exist three-dimensional topological field theories that do not admit any boundary
condition of the type we described (see e.g. [FSV1,FrT] for details). In short, the
Witt class is an obstruction to the existence of a consistent topological boundary
condition for a three-dimensional topological field theory.

Once one fixes a boundary condition by specifying a spherical fusion category
Wa◦ that satisfies C ≃Z(Wa◦), every other boundary condition is an object in the
bicategory of spherical Wa◦ -module categories. In this manner, three-dimensional
topological field theory furnishes a way to organize the theory of (bi)module cate-
gories over a spherical monoidal category. The latter system of categories can be
understood as a semisimple 2-category [DoR].

Recently, activity also turned to the study of four-dimensional topological field
theories, for which both the geometric and the categorical dimension are further
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increased. The input datum is then a fusion 2-category, and the theory provides
insight into the structure formed by representation categories of braided tensor
categories [JR,Dec].

6.2.5. Dijkgraaf-Witten theories.

Next we indicate how the presence of boundaries and defects is accounted for in the
particular case of our central example, i.e. for three-dimensional topological field
theories of Dijkgraaf-Witten type.

Geometrically, boundaries and defects are particular instances of submani-
folds. Accordingly they are captured by the notion of a relative (smooth) man-

ifold Y
j
−→X , which by definition is a pair Y,X of smooth manifolds together with

a morphism j : Y −→X of smooth manifolds. In a Dijkgraaf-Witten theory on a

manifold X with boundary, the pertinent data are a relative manifold ∂X
j
−→X

and a morphism H
ϕ
−→G of finite groups. The field configurations then form the

groupoid of relative bundles. The objects of this groupoid are triples consisting of
a G-bundle PG−→X , an H-bundle PH −→ ∂X and an isomorphism

α : IndGH(PH)
∼=
−−→ j∗PG

of G-bundles on ∂X , where the functor IndGH : BunH(X)−→BunG(X), which acts

on objects as PH 7−→PH ×ϕG, is the extension functor considered in Exercise 1.46.
A morphism in the groupoid is a pair consisting of a morphism PG−→P ′

G of
G-bundles on X and a morphism PH −→P ′

H of H-bundles on ∂X satisfying an
appropriate compatibility constraint. Additional data from groupoid cohomology
can enter the linearization process, which otherwise follows the same procedure as
in the case of manifolds without boundary. In the framework of Lagrangian field
theory, these cohomological data provide a topological bulk Lagrangian together
with compatible boundary terms.

This analysis can be made fully explicit and can be extended to three-manifolds
with embedded surface defects. For details, including in particular the explicit form
of the groupoids obtained in specific situations, we refer to [FSV2] and Section 3.4
of [FS2]. We finally mention that boundary conditions and surface defects have also
been studied in other settings. For instance, a heuristic study using path integrals
in the context of (abelian) Chern-Simons theories, which we mentioned in Remark
2.2, is presented in [KapS].

6.3. Tangential structures

So far we have been discussing topological field theories that are based on
oriented manifolds. We have e.g. seen that two-dimensional oriented topological
field theories correspond to Frobenius algebras.

From a geometric perspective this raises the following issues: Manifolds do
not necessarily have an orientation, see e.g. exercise 1.21. In particular, cobordism
categories can also be constructed by considering spans of unoriented manifolds.
Manifolds can also have additional structure besides an orientation, for instance a
spin structure, and again corresponding categories of cobordisms can be defined.
Accordingly one should expect that different flavors of topological field theories
exist that correspond to different tangential structures of the underlying manifolds.
One then wants to understand the relation between different flavors of topological
field theories, as well as the corresponding algebraic structures. Conversely, since
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Frobenius algebras are algebras with additional structure, it is an obvious question
to ask which tangential structures lead to topological field theories whose evalua-
tion on circles yields just algebras rather than Frobenius algebras.

6.3.1. Unoriented topological field theories.

As in the oriented case, the analysis of an unoriented two-dimensional topological
field theory can start with a combinatorial description of the (bi)category of (ex-
tended) cobordisms in terms of generators and relations. We refer to Section 3.8.6
of [Scho] for a detailed analysis, which in particular shows that fully extended un-
oriented two-dimensional topological field theories correspond to stellar separable

Frobenius algebras. A stellar algebra is an algebra A equipped with a Morita con-
text s between A and its opposite algebra Aopp, as well as with an isomorphism of
Morita contexts between s and another Morita context between A and Aopp. called
the opposite Morita context, subject to certain consistency conditions; for details
see Definition 3.78 of [Scho].

6.3.2. Framed topological field theories.

To obtain two-dimensional topological field theories whose evaluation on the circle
has just the structure of a unital associative algebra, and thus less algebraic struc-
ture than the one of a Frobenius algebra, one must consider two-manifolds with
more geometric structure, namely with a 2-framing. As has been mentioned in
Remark 1.40, a 2-framed two-manifold is a two-manifold M that is endowed with
two non-vanishing vector fields that form a basis of the tangent space in each point
ofM . To get a feeling for the cobordism category Cobfr2,1 of 2-framed manifolds, it is

helpful to imagine the one-manifolds S that constitute the objects of Cobfr2,1 to come
with a two-dimensional collar, so that the notion of two linearly independent vector
fields makes sense. Alternatively one can consider a trivialization of the direct sum
of the tangent bundle TS and the trivial bundle R on S, i.e. an isomorphism

TS⊕R ∼= R
2.

As a consequence of these additional geometric data, there is now a Z-family of
2-framed circles S1

(n), where n∈Z is a winding number for the two non-zero vector

fields. The existence of a 2-framed pair of pants with such circles as boundary
components is highly restricted. Therefore only one of the circles S1

(n) gives rise

to an algebra A which, however, does not come with the structure of a Frobenius
algebra. The other framed circles are mapped to A-bimodules.

Framed topological field theories turn out to be central for the understanding
of the structure of all types of topological field theories. In particular, one of the
most fundamental result in topological field theory, the cobordism hypothesis, is
most directly stated for framed (fully extended) topological field theories. The
cobordism hypothesis is first of all a structural result about framed n-dimensional
manifolds, which we now briefly explain.

Recall the combinatorial description of the symmetric monoidal category Cob2,1
in Section 3.2. That result can be reformulated as the statement that Cob2,1 is the
free symmetric monoidal category containing a (co)commutative Frobenius object,
see Theorem 3.6.19 of [Koc]. This statement, in turn, readily implies that two-
dimensional topological field theories with values in a symmetric monoidal category
V are classified by the groupoid of commutative Frobenius algebras in V . In a
similar vein, the cobordism hypothesis states that the (∞, n)-category of framed
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n-dimensional cobordisms is equivalent to the free symmetric monoidal (∞, n)-ca-
tegory with duals on a single object.

Here it is indeed necessary to use the framework of ∞-categories. This is
beyond the scope of these lecture notes, but it is worth pointing out that ∞-cate-
gories arise quite naturally. Indeed, recall from Remark 2.9 that an extension of
the cutting process of manifolds that allows for codimension-2 submanifolds leads
to bicategories. A further extension involving submanifolds of codimension higher
than 2 requires still higher categories. These are, at least according to our present
understanding, best dealt with as ∞-categories.

The extreme case of an extension is down to a zero-dimensional submanifold,
i.e. a point. In this case the structural insight into framed n-dimensional manifolds
entails that the evaluation functor

Z 7−→ Z(∗)

furnishes a bijection between framed fully extended V-valued topological field theo-
ries and isomorphism classes of fully dualizable objects of V . A dualizable object in
a symmetric monoidal (∞, n)-category V is called fully dualizable if the structure
maps of the duality unit and counit themselves have adjoints, the unit and counit
of which, in turn, have adjoints as well, and so on. For more details we refer the
reader to [Lur] and [Fr2].

Based on this understanding of framed topological field theories, one can study
topological field theories with additional tangential structures, e.g. an orientation or
a spin structure. These structures can be realized as fixed points of group actions.
In the case of two-dimensional topological field theories, this leads to the insight
that finite-dimensional semisimple symmetric Frobenius algebras can be described
as homotopy fixed points of an SO(2)-action on the bicategory of finite-dimensional
semisimple algebras, bimodules and intertwiners; for details see e.g. [HeSV].

6.3.3. Equivariant topological field theories.

From the point of view of representation theory, the following tangential structure
is particularly interesting: Fix a finite group G and endow every manifold with
the additional structure of a G-bundle. This yields a cobordism category CobGn,n−1.
We restrict our attention to the case of a three-dimensional (once-)extended three-
dimensional TFT in the sense of Definition 5.18. Then to a circle S1 we need
to assign a category together with a G-bundle. Characterizing such a G-bundle
through its holonomy and thus by a group element g∈G (and trivializing the fiber
over a single point), we obtain a category Cg for each group element g ∈G. The
collection of these categories is endowed with further structure: G-bundles on pairs
of pants provide tensor product functors

Cg ×Ch −→ Cgh

with appropriate coherence data, for all g, h∈G. (Note that G-bundles over the
three boundary components determine a G-bundle on a pair of pants up to iso-
morphism, if such a bundle exists.) As a consequence, each of the categories Cg
is a Ce-bimodule category, with e the unit element of G. A second set of data is
provided by cylinders over S1 with a G-bundle; they give coherent G-actions

ρh : Cg −→ Chgh−1 .
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In this way, the category
⊕

g∈G Cg is endowed with the structure of a G-crossed
category with a G-braiding. For more information on this type of topological field
theories we refer to [Tur2].

Conversely, as explained e.g. in [EtNOM], a G-crossed modular tensor category
can be constructed from a suitable collection of Ce-bimodule categories together
with a few cohomological data. In case the modular category admits a concrete
representation-theoretic realization as a category of representations over a rational
vertex algebra, then such systems can be obtained from representations of that
vertex algebra that are twisted by an automorphism of the vertex algebra [McR].

6.3.4. Orbifolds / equivariantization.

In Examples 5.54 and 5.57 we have presented several classes of (semisimple) modular
tensor categories. As that list indicates, the supply of algebraic structures with
representation categories that come with a natural structure of a modular tensor
category is, at least for the moment, quite limited. Accordingly it is of much
interest to find constructions of new modular tensor categories out of known ones.

Here we explain a procedure that produces from a G-modular tensor category C̃
a modular tensor category C= C̃//G. This construction is called equivariantization

in mathematics and orbifold construction in the physics literature. The objects of

the category C̃//G are fixed points of the G-action on the objects of C̃. According
to the principle, formulated in Remark 1.12, that it is generally inappropriate to

regard two objects as equal rather than as isomorphic, a fixed point X ∈ C̃ comes
with extra data, namely with isomorphisms

αh : ρh(X)
∼=
−−→ X

for all h∈G, obeying a suitable compatibility condition.

There is a procedure that is inverse to equivariantization: The category C̃//G
contains a full symmetric monoidal subcategory that is equivalent to G-Rep, which
arises from equivariantizations on direct sums of the monoidal unit of C̃. This
subcategory contains a canonical commutative algebra object AG, induced from

the algebra of functions on G. The category C̃ can be reconstructed by considering

AG-modules in C̃//G. For details we refer to [GelNN].

6.4. Topological field theories from algebraic data

In this section we outline several constructions of topological field theories from
algebraic input data. The focus will be on oriented three-dimensional topological
field theories.

6.4.1. String-net models.

We first describe the string-net construction [LeW,Kir, Bar] of oriented three-di-
mensional TFTs, which takes a spherical fusion category as algebraic input datum.
Similar constructions are expected to work in any number d of dimensions; in the
four-dimensional case, a ribbon fusion category is the appropriate input datum.

The first step in a string-net construction consists of assigning vector spaces to
(d−1)-dimensional manifolds. In the sequel we restrict ourselves to the case d=3,
so that we have to assign vector spaces to oriented surfaces Σ (which may have a
boundary and may also be non-compact). To this end one starts with the vector
space KGr(Σ) that is freely generated on the set of finite C-labeled graphs Γ on Σ.
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If Σ has non-empty boundary, then on each connected component of ∂Σ at least
one dangling edge has to end, and the labels of all edges ending on ∂Σ have to be
kept fixed.

To proceed, a crucial tool is an appropriate graphical calculus. For any pivotal
tensor category C a graphical calculus can be formulated on an oriented canvas and
thus in particular on disks [Kir]. (An analogous graphical calculus can be set up
for the more general input datum of a pivotal bicategory [FSY].) This calculus can
be used to replace any finite graph on a disk D having edges labeled by objects of
C and vertices labeled by compatible morphisms of C and having dangling edges on
∂D by a star-shaped graph on D. Such a graph amounts, in turn, to a morphism in
C, whereby the prescription canonically defines a surjection 〈−〉D from the vector
space KGr(D) freely generated by graphs on the disk to the space of morphisms in
C having as domain the monoidal unit 1 and as codomain the cyclic tensor product
of the objects labeling the dangling edges on ∂D.

For any surfaceΣ one now considers the subspace N(Σ)⊂KGr(Σ) that consists
of all null graphs, i.e. of all linear combinations

∑
i λi Γi of graphs that coincide

outside any chosen embedded disk D⊂Σ and whose restrictions to D sum up to
zero, in the sense that ∑

i

λi 〈Γi ∩D〉D = 0 .

The vector space assigned to Σ is then the quotient

SN(Σ) := KGr(Σ) /N(Σ)

of KGr(Σ) by the subspace of null graphs, which turns out to be finite-dimensional.
There exist different flavors of graphical calculus, and correspondingly differ-

ent variants of string-net models. Pivotal categories lead, as already stated, to
a graphical calculus on an oriented canvas and thus to modular functors on ori-
ented manifolds. Waiving the pivotal structure requires to assume more geometric
structure. Indeed, then the appropriate two-dimensional graphical calculus is in
terms of progressive graphs [JS1], which are naturally drawn on a 2-framed can-
vas; corresponding string-net models on 2-framed two-manifolds have been studied
in [KnST].

The (d−1)-dimensional manifold Σ entering in the string-net construction can
have boundaries and even corners. By considering such manifolds one can extract
also the algebraic data that are assigned to lower-dimensional manifolds. For in-
stance, for d=3 the category assigned to a circle S1 is extracted as follows: An ob-
ject is a collection of finitely many points on the circle, each labeled by an object in
C; a morphism is a string net on the cylinder over the circle with appropriate labels
on the two boundary circles. This category can be identified with a full monoidal
subcategory of the Drinfeld center Z(C) of C. For d=3, an extension to three-
dimensional manifolds, and thus from a modular functor to a three-dimensional
TFT is possible as well, provided that the input category is a semisimple spherical
category; for details we refer to [Bar].

The string-net construction is an example of a skein-theoretic construction.
Skein-theoretic methods frequently appear in topological field theory. In fact, the
HOMFLY knot polynomial, which generalizes the Jones polynomial, is defined
by such methods. Skein-theoretic methods also allow one to integrate braided
categories (with some additional properties) over framed two-dimensional man-
ifolds [BeBJ]. This can be seen as a realization of factorization homology; the
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relation between factorization homology and topological field theory is explained
in [Sche].

6.4.2. State-sum models.

String-net models admit various reformulations; in particular they can be presented
in the form of state-sum models. Such models [TV1] are historically among the first
topological field theories [TV2,BarW], with precursors in work on three-dimensional
quantum gravity [PR]; they are also called Turaev-Viro TFTs. In a state-sum model
the invariant assigned to a closed oriented three-manifold M is constructed using
the auxiliary datum of a skeleton in M . A skeleton is an oriented stratified 2-po-
lyhedron embedded in M which provides a combinatorial model for M ; a skeleton
can be thought of as a system of submanifolds of various dimensions, of the type
illustrated in the following picture:

A detailed definition of a skeleton is given in Chapter 11 of [TV1]; a reader familiar
with basic notions of algebraic topology may imagine, for simplicity, the structure
of a finite CW complex onM . The term state-sum model originates in the fact that
one considers all colorings of the skeleton ∆, i.e. all assignments c of isomorphism
classes of simple objects of C to the 2-cells of ∆. By evaluating the graphs on
spheres that surround the 0-cells of ∆, each coloring c yields a number |c|. One
then defines for any spherical category C and closed oriented three-manifoldM with
skeleton ∆ the sum

|M |C := (dim C)−|M\∆|
∑

c

dim(c) |c| ,

where dim(c) is the product over the dimensions of the simple objects c(r) coloring
the 2-cells r of ∆, raised to the power of the Euler characteristic of r, dim C is
the sum of squared dimensions of a representative set of simple objects of C, and
|M\∆| is the number of connected components of M\∆. The number |M |C can be
shown to be independent of the choice of skeleton ∆ (see Theorem 13.1 of [TV1]).
It is the invariant assigned by the state-sum topological field theory based on the
spherical fusion category C to the three-manifold M .

The vector space associated to a surface Σ is constructed as follows. Given
a choice of a two-dimensional skeleton ∆2 on Σ, one first constructs from the
morphism spaces of C an auxiliary vector space V (Σ,∆2) which depends on ∆2.
Then one uses cylinders over Σ to obtain an idempotent p on V (Σ,∆). The image

V (Σ) := Im (p) ⊂ V (Σ,∆2)

of that idempotent can be shown to be independent of the choice of skeleton ∆2;
it is the vector space assigned to the surface Σ by the state-sum topological field
theory.
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State-sum constructions are also connected with tensor networks. Tensor net-
work methods are an important tool in the study of strongly correlated systems
in physics. They allow one e.g. to circumvent the problem of exponential growth
of the size of the state space when constructing ground states for quantum me-
chanical many-particle systems. For an introduction to such methods see e.g.
[Oru, BrC,CiPSV]. Two-dimensional tensor networks can be understood in terms
of three-dimensional state-sum models on manifolds with physical boundaries. As
shown in Section 5 of [LoFHSV], in this picture Wilson lines in the physical bound-
aries encode so-called MPO-symmetries of the space of ground states of the tensor
network.

Finally it is worth pointing out that working with isomorphism classes of simple
objects and summing over them is not well in line with the spirit of categories.
This observation is relevant for string-net constructions based on non-semisimple
input data. In that case the construction cannot be expected to extend to all top-
dimensional manifolds. In such constructions the sum over isomorphism classes of
simple objects is replaced [FScS] by the categorical notion of a coend.

6.4.3. Surgery.

It is natural to ask whether there are three-dimensional topological field theories
that can be constructed by taking as an input a modular tensor category that is
not necessarily a Drinfeld center. Such TFTs indeed exist, provided that one works
with a slightly weakened variant of the TFT functor, namely with an anomalous

TFT, in which – as mentioned in the paragraph preceding Theorem 5.58 – one
allows for a projective assignment of data. Specifically, the representation of the
mapping class group Map(Σ) of a surface Σ that is induced by cylinders over Σ is
then only a projective representation.

Such a Reshetikhin-Turaev TFT, first developed [ReT] for input categories
coming from quantum groups, can be constructed from any modular fusion category.
In the case of modular fusion categories obtained from compact Lie groups, this
leads to an algebraic construction of Chern-Simons topological field theories. For
obtaining invariants of three-manifolds, the Reshetikhin-Turaev construction uses
surgery along links. Indeed, any closed three-manifold can be obtained from the
three-sphere S3 by removing a tubular neighborhood of a framed link and gluing
that neighborhood back by using an element of the mapping class group of the
surface that is encoded in the link. For details on the construction we refer to [Tur1].
Surgery and state state sum constructions for three-dimensional topological field
theories are reviewed in [SöV]. A modern point of view is to see a Reshetikhin-
Turaev TFT as the boundary theory of a four-dimensional invertible topological
field theory, the Crane-Yetter theory [BarFG].

Three-manifold invariants based on non-semisimple modular tensor categories
have been constructed in [CGP, BCGP] with the help of the so-called modified

trace [GeePT]; for a partial extension of these invariants to a three-dimensional
topological field theory see [DGGPR].

6.4.4. Topological field theories of cohomological type.

We finally mention a construction of topological field theories that has its roots in
the study of supersymmetric quantum field theories. From a physics perspective,
this type of theories can be motivated as follows. A common feature of quantum
field theories is the presence of a stress-energy operator ; one crucial property of this
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field is that taking some kind of Lie bracket with the fundamental fields of the theory
amounts to acting with a translation operator. A simple way to obtain a topological
field theory is thus to demand the stress-energy operator to vanish. However, in
situations in which the fields are not organized in terms of vector spaces, but in
terms of complexes of vector spaces, a weaker requirement is sufficient, namely that
the stress-energy operator, while non-zero, is exact. This condition can in particular
be satisfied, via what is called a topological twist, in quantum field theories with
extended supersymmetry. For such theories the generators of the supersymmetry
algebra can be used to express a modification of the original stress-energy tensor as
a derivative and thus as an exact operator. Closed operators then furnish exactly
solvable sectors of the theory. Correspondingly, such topological field theories have
been termed cohomological (topological) field theories.

Making these physics ideas mathematically precise leads to the notion of a topo-
logical conformal field theory. As formalized long ago in the Segal axioms (see [Seg]
for the most complete available version), a two-dimensional conformal field theory
should be a symmetric monoidal functor with domain a category Cobconf2,1 that has
the same objects – disjoint unions of circles and intervals – as the domain Cob2,1
of a two-dimensional topological field theory (as treated in Section 3.2), but whose
morphisms are Riemann surfaces, rather than cobordisms, having these objects as
incoming and outgoing boundaries.

By taking instead as morphisms moduli spaces of Riemann surfaces, Cobconf2,1 is

promoted to a cobordism category Cobconf-top2,1 that is enriched over the category
Top of topological spaces. An efficient categorical language for addressing the so
obtained structures is provided by (∞, 1)-categories. In this setting, a topolog-
ical conformal field theory would then be something like an (∞, 1)-functor from

Cobconf-top2,1 to some other infinity-category. However, yet another step (also antici-

pated in [Seg]) can be taken, namely a linearization. In modern terms, this consists

in replacing Cobconf-top2,1 by a stable (∞, 1)-category Cobconf,dg2,1 whose morphisms are

the homology chain complexes of those of Cobconf-top2,1 . Finally, then, a topological

conformal field theory is a symmetric monoidal (∞, 1)-functor from Cobconf,dg2,1 to

the (∞, 1)-category of complexes of vector spaces.
For an exposition of cohomological field theories we refer to [Co] and [LaL].

6.5. Some applications

Applications of topological field theories, both in mathematics and in physics,
abound. Here we present a limited and highly biased selection.

One important use of topological field theories is to provide a laboratory for
exploring general structures and concepts in quantum field theories. An issue that
we have stressed on various occasions is the notion of locality. A more recent
illustration is provided by a mathematically rigorous approach to dimensional re-
duction [MüW], a procedure that assigns to an (extended) topological field theory
of dimension d a topological field theory of dimension d′<d. Another example,
which has been experienced a surge of interest in recent years, are generalized sym-
metries; see e.g. [Scha,BhBF+] for reviews. Such symmetries have made their first
appearance in two-dimensional rational conformal field theories [FroFRS]. For es-
tablishing them in that context, substantial use is made of the close connection
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between three-dimensional topological field theories of surgery type and chiral ra-
tional conformal field theories. This relationship has played an important role since
the early days of the subject [Wit,MooS2] and continues to be instrumental for the
understanding of correlators in local conformal field theories (compare Remarks
2.39 and 3.13).

In addition, it finds a direct physical incarnation in quantum Hall systems in
condensed matter physics. These are (quasi-)two-dimensional systems subject to a
strong magnetic field. It can be argued [FrohK] that in the scaling limit a quantum
Hall system, together with its time evolution, is captured by a Chern-Simons theory
or some similar three-dimensional topological field theory. The discreteness of the
values of the Hall conductivity in a quantum Hall system is in this approach a
consequence of the discreteness of quantities like twist eigenvalues in the relevant
modular fusion category. The presence of a magnetic field singles out an orientation
in the two-dimensional sample, which is physically reflected by the orientation of
the edge currents that exist in the sample. Accordingly, chiral rather than local
conformal field theories are relevant for the description of universality classes of
quantum Hall liquids.

A different type of applications is obtained in the context of state-sum con-
structions. As we have seen, such a construction assigns to a surface Σ and a
skeleton ∆ in Σ a vector space V (Σ,∆) and a subspace V (Σ)⊂V (Σ,∆) that does
not depend on Σ. This is exactly the setup needed for formulating a quantum code.
In that setting, the dimension of the subspace V (Σ) is the number of qubits of the
code. This point of view has e.g. triggered the development of gauge theoretic mod-
els based on a semisimple finite-dimensional unimodular Hopf algebra H , known
as Kitaev models. In these, the subspace is characterized as the space of ground
states for a family of commuting Hamiltonians that are obtained with the help of
a non-zero integral and cointegral of H , i.e. elements Λ∈H and λ∈H∗ satisfy-
ing µ ◦ (id⊗Λ)=Λ ◦ ε and (λ⊗ id) ◦∆= η ◦λ, respectively. For details about such
models we refer to [Kit,BuMCA].

The quasi-particle excitations in a Kitaev model (and likewise, the quasi-parti-
cle excitations in quantum Hall liquids) obey braid group statistics. In the physics
literature, quasi-particles carrying a one-dimensional representation of the braid
group are known as anyons, while those carrying a higher -dimensional represen-
tation are called non-abelian anyons. (The terminology ‘anyon’ indicates that the
spin, which parametrizes the phase shift of quasi-particle wave functions upon per-
mutation, can take any value.) The same phenomenon appears in a much wider
class of (effectively) two-dimensional quantum systems. The types of quasi-particles
in such systems are expected to be classified as (isomorphism classes of) objects of
a modular fusion category. In fact, a modular fusion category can be regarded as
an invariant associated to a topological quantum phase of matter. This relationship
is still under active study. For a guide to some recent developments in this area we
refer to e.g. [ChTSR,Wen,Oga,McG].

Topological field theories also provide a natural point of view on structures
appearing in representation theory. One such structure is given by equivariant
Frobenius-Schur indicators. The classical Frobenius-Schur indicator assigns to a
C-valued irreducible representation V of a finite group G the number

FS(V ) :=
1

|G|

∑

g∈G

χV (g
2) ,
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where χV is the character of V . The number FS(V ) turns out to take one of the
three values +1, 0, or −1, indicating whether the representation V is real, complex
or quaternionic. The definition of FS(V ) can be extended to simple objects in any
pivotal tensor category C, such as the category of finite-dimensional representa-
tions of SU(2), for which the simple objects are real and quaternionic, respectively,
depending on whether their spin is integral or half-integral (compare Remark 1.12).

This generalizes further to the notion of an equivariant Frobenius-Schur indica-

tor which assigns a number FS
[Z]
(n,r)(V ) to an object V ∈C, an (isomorphism class of

an) object Z in the Drinfeld center Z(C) of C, and a pair of integers n and k [NgS2].
Now the modular group SL(2,Z) naturally acts both on the isomorphism classes
of objects of the modular tensor category Z(C) and, through 2×2-matrices, on the
pair (n, k). These two actions are intertwined by the equivariance relation

FS
γ.[Z]
(n,r)(V ) = FS

[Z]
(n,r).γ(V )

for γ ∈SL(2,Z). This makes the Frobenius-Schur indicator computable even for
very big finite groups. This equivariance property has been explained with the help
of the Turaev-Viro TFT based on the pivotal category C, evaluated on a solid torus
with physical boundary and boundary Wilson lines [FaS].

Another mathematical application is concerned with a natural notion of an
embedding of a braided tensor category B into a non-degenerately braided tensor
category M being minimal. Note that B embeds into its Drinfeld center Z(B)
via the braiding, but this embedding is usually far from minimal. The existence of
minimal extensions is important for the understanding of braided categories because
tools for studying non-degenerately braided categories are far better developed than
those for generic braided categories. The existence problem was solved [JR] in a
surprising way by relating it to the fusion 2-categoryMod-B of module categories
over B: minimal non-degenerate extensions of B correspond to certain trivializations
of the Drinfeld center Z(Mod-B) which is a braided fusion 2-category whose objects
label bulk surface operators in a (putative) four-dimensional topological field theory.
The evaluation of this four-dimensional topological field theory on Klein bottles was
used in [JR] to show that every slightly degenerate braided fusion category admits
a minimal non-degenerate extension.

As a final example illustrating the explanatory power of topological field theory
we mention Radford’s s4-Theorem. In its classical form this theorem states that
for any finite-dimensional Hopf algebra H over a field K there are distinguished
elements a∈H and α∈H∗ such that the identity

s4(h) = a (α−1⇀h↼α) a−1 = α−1⇀ (a h a−1)↼α

for the fourth power of the antipode s holds for every h∈H . Here ⇀ and ↼ are
right and left actions of the dual H∗ on H ; for details see e.g. Section 7.1 of [DaNR].
This result can be generalized to the statement that for any finite tensor category
C – in the classical case, the category of finite-dimensional H-modules – there is a
distinguished isomorphism r of tensor functors with components

rX : X
∼=
−−→ D ⊗ ∨∨∨∨X ⊗D−1

for X ∈C, where D∈C is an invertible object canonically associated with C; see
Section 7.19 of [EtGNO].

This purely algebraic fact can be understood in terms of the cobordism hypoth-
esis for three-dimensional topological field theory, which we mentioned in Section
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6.3.2. The orthogonal group O(3) acts on the cobordism category Cobfr∞,3 by a

change of the framing, and thus also acts on the functor category Fun(Cobfr∞,3,V),
where the codomain V is taken to be the symmetric monoidal 3-category Bimod
that has finite tensor categories as objects, bimodule categories over finite tensor
categories as 1-morphisms, and bimodule functors and bimodule natural transfor-
mations as 2- and 3-morphisms, respectively.

We thus deal with a homotopy action of the group O(3) on the fully dualizable
objects of V , which are in fact fusion categories: Points in O(3) give self-equivalences
K[Bimod f.d.]−→K[Bimod f.d.], paths in O(3) give natural transformations between
self-equivalences, etc. The homotopy groups of the Lie group O(3) are as fol-
lows: The group of connected components is π0(O(3))=Z2; the non-trivial com-

ponent acts on monoidal categories as (C,⊗) 7−→ (C,⊗opp). The fundamental group
is π1(O(3))=Z2; its non-trivial element acts on fusion categories as an autoequiv-
alence, which turns out to be given by the double dual functor (−)∨∨. Thus from
the group-theoretical fact that the non-trivial element of π1(O(3))=Z2 has order
2 one concludes that the quadruple dual (−)∨∨∨∨ is trivial, which is nothing but
Radford’s theorem. For more details we refer to [DSS].
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[FroFRS] J. Fröhlich, J. Fuchs, I. Runkel, and C. Schweigert: Kramers-Wannier duality from
conformal defects. Phys. Rev. Lett. 93 (2004) 070601 1–4.

Author's preliminary version made available with permission of the publisher, the American Mathematical Society



BIBLIOGRAPHY 177
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[Hus] D. Husemöller: Fibre Bundles. Springer, 1994.
[JR] T. Johnson-Freyd and D. Reutter: Minimal nondegenerate extensions. J. Amer. Math.

Soc. 37 (2024) 81–150.

Author's preliminary version made available with permission of the publisher, the American Mathematical Society



178 BIBLIOGRAPHY

[JS1] A. Joyal and R. Street: The geometry of tensor calculus, I. Adv. Math. 88 (1991)
55–112.

[JS2] A. Joyal and R. Street: Braided tensor categories. Adv. Math. 102 (1993) 20–78.
[Kac] V.G. Kac: Infinite-dimensional Lie Algebras, third edition. Cambridge University

Press, 1990.
[KapS] A. Kapustin and N. Saulina: Topological boundary conditions in abelian Chern-Simons

theory. Nucl. Phys. B 845 (2011) 393–435.
[Kash] R. Kashaev: A Course on Hopf Algebras. Springer Nature Switzerland, 2023.
[Kas] C. Kassel: Quantum Groups. Springer, 1995.
[Kel] M. Kelly: Doctrinal Adjunction. Springer Lecture Notes in Mathematics 420, 1974.
[Kir] A.A. Kirillov: String-net model of Turaev-Viro invariants. Preprint arXiv:1106.6033

[math.AT].
[KirO] A.A. Kirillov and V. Ostrik: On a q-analog of McKay correspondence and the ADE
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[SöV] K. Sözer and A. Virelizier: 3d TQFTs and 3-manifold invariants. in: Encyclopedia of
Mathematical Physics (Second Edition), Vol. 3, R. Szabo and M. Bojowald, eds., p.
529–541.

[Swe] M.E. Sweedler: Hopf Algebras. Benjamin/Cummings, 1969.
[Tak] M. Takeuchi: Free Hopf algebras generated by coalgebras. J. Math. Soc. Japan 23

(1971) 561–582.
[Til] U. Tillmann: S-structures for k-linear categories and the definition of a modular func-

tor. J. London Math. Soc. 58 (1998) 208–228.
[Tur1] V.G. Turaev: Quantum Invariants of Knots and 3-Manifolds. De Gruyter. 1994 / 2010.
[Tur2] V.G. Turaev: Homotopy Quantum Field Theory. European Mathematical Society,

2010.
[TV1] V.G. Turaev and A. Virelizier: Monoidal Categories and Topological Field Theory.
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cokernel, 50

colimit of a diagram, 44
collared embedding, 137

commutative diagram, 19

commutativity constraint, 94
complete category, 46

composition of morphisms, 17
comultiplication, 70

cone, 43
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object, 16
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opposite category, 21, 30
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pentagon axiom, 66
pivotal category, 88
pivotal Hopf algebra, 93
pivotal structure, 88
pointed bundle, 39
principal bundle, 26

product, 45
projective module, 51
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pseudonatural transformation, 134
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pull-push map, 117
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quantum group, 91
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Schur’s Lemma, 51
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spherical structure, 89

state-sum model, 168
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strict monoidal functor, 79
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structure group, 26
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super vector space, 97
surgery, 169
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Taft algebra, 75
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topological conformal field theory, 170
topological field theory (definition), 99
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transitive action, 25
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Turaev-Viro TFT, 168
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universal enveloping algebra, 73
universe, 19
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2-vector space, 136
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136
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Witt group, 162

Yetter-Drinfeld module, 153
Yoneda Lemma, 35

zero morphism, 49
zero object, 49
zig-zag relations, 84
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